Note of equation of state, Taylor expansion up to O(u'?)
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Derivatives of In Z;  Denoting
_ N; 0"(Indet M)
Dn= g (5)
We define
A = (D), (6)
Ay = (Do) +(D}), (7)
As = (D3)+3(D:D1) + (DY), (8)
As = (Di) +4(DsD1) +3(D§) +6(DyD} ) + (DY), 9)
As = (Ds)+5(DyD1) +10(DsDy) +10(DsD} ) + 15 (D3D1 ) +10(DoD} ) + (D), (10)
As = (Dg)+6(DsDr) + 15 (DyDy) + 10 (D3 ) + 15 (D4D}) + 60 (DsDyDy) + 15 (D5 )

420 <D3D§’> +45 <D2D§> +15 <DQD4> + <D6> (11)
A7 = (D7) +7(DeDi) + 21 (DsDy) + 35 (DyDs) + 21 (DsD}) + 105 (DsDyD1)

+70 (D3D1 ) + 105 (DyD3 ) + 35 (DyDY ) + 210 (DyDyD} ) + 105 (D3Dy )

+35(DsD}) +105 (D3D}) + 21 (D, D) + (D), (12)
As = (Ds)+8(D:D1) + 28 (DeD2) + 56 (D5D3) + 35 <D§> +28 <D6D$> + 168 (D5 Dy Dy )

+280 (DyD3Dy) + 210 <D4D§> 1980 <D§Dg> 156 <DSD§> 1420 <D4DQD%>
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+280 (D}D?) + 840 (D3DED: ) + 105 (D4 ) + 70 (DD} ) + 560 (DyDyDY )

+420 (D3DY) + 56 (DsDY ) + 210 (D3DY ) + 28 (D,DF) + (D), (13)
(Do) + 9 (DsD1) + 36 (DrDy) + 84 (DgDs) + 126 (D5Da) + 36 (D7D} )

+252 (DgDyDy) + 504 (DsD3Dy) + 315 (DID1 ) + 378 (D5DF ) + 1260 (DyDsDy)

+280 (D}) + 84 (DsD}) + 756 (DsDyD3 ) + 1260 (D4D3DY ) + 1890 (D4DD; )

+2520 (D3> D1 ) + 1260 (DD ) + 126 (D5 DY ) + 1260 (D4 D, D} ) + 840 (D3DY )
+3780 (D3sD3DY ) + 945 (D4D1 ) + 126 (D4DY ) + 1260 (DD, DY ) + 1260 (D5DY )
+84(DyDY) + 378 (DIDY) + 36 (D,DY) + (DY), (14)
(D1o) + 10 (DeDy) + 45 (DsDy) + 120 (D7D3) + 210 (DgDy) + 126 <D§> +45 <DBD%>
1360 (D7 DaDy) + 840 (DgD3D1) + 1260 (DsDyDy) + 630 <DGD§> + 2520 (D5D3Ds)
+1575 (DDs ) + 2100 (D4D3 ) + 120 (D7D} ) + 1260 ( DDy DY ) + 2520 (DsD3DY )
+1575 (DYDY + 3780 (DsD3D1 ) + 12600 (D4 D3DyDy) + 2800 ( DDy ) + 3150 (DD )
+6300 (D3D3 ) + 210 (DD} ) + 2520 (DsDyDY ) + 4200 (D4D3DY ) + 9450 (D4DID? )
+12600 (D3DD} ) + 12600 (D3D3D: ) + 945 (D3 ) + 252 (DD ) + 3150 (DsD, DY )
+2100 (DD} ) + 12600 ( DsD3DY ) + 4725 (D4DY ) + 210 (DyDY ) + 2520 (D3Dy DY)
+3150 (D3DY ) + 120 (DsD] ) + 630 (DIDY) + 45 (D, DY) + (D1°), (15)
(D11) + 11 (D1gDy) + 55 (Dy Do) + 165 (DgDs3) + 330 (D7Dy) + 462 (DgDs)

+55 (DyD} ) + 495 (DsDyD1) + 1320 (DyD3Dy) + 2310 (DgDyDy) + 1386 (DD )

+990 (D7D3 ) + 4620 (DgD3Ds) + 6930 (D5DaDy) + 4620 (D5 D3 ) + 5775 (DI Dy )
+165 (DgD}) + 1980 (D+D>DY ) + 4620 (DeDyDF ) + 6930 ( Ds D4 D} )

+6930 (DgD3 D1 ) + 27720 (D5 DDy Dy ) + 17325 ( DDy Dy ) + 23100 (D4D3Dy )
+6930 (D5 D ) + 34650 (DsDyD3 ) + 15400 (DD ) + 330 (DD )

+4620 (DgDyD} ) + 9240 (D5D3 DY ) + 5775 (DIDY) + 20790 (D5 DD} )

+69300 (D4D3D>DY) + 15400 ( DDY ) + 34650 ( Dy DIDy ) + 69300 (DIDID: )
+17325 (DD} ) + 462 (DeD} ) + 6930 (Ds D, DY ) + 11550 (D4Ds Dy )

+34650 (D4D3DY} ) + 46200 (DID,DY ) + 69300 (DsDIDF ) + 10395 (D3 Dy )

+462 (Ds D) + 6930 (D4DyDY ) + 4620 (DIDY) + 34650 (D5DIDY ) + 17325 (D4DY )
+330 (DsD] ) + 4620 (D3DoDY ) + 6930 (DIDY) + 165 (DyD} ) + 990 (DD )

+55(DyDY) + (D), (16)
<D12> +12 <D11D1> + 66 <D10D2> + 220 <D9D3> + 495 <D8D4> + 792 <D7D5>
+462 (DF) + 66 (D19D? ) + 660 (DyDyDr) + 1980 (DsD3Dy) + 3960 (DDyDy)

+5544 (DgDsD1) + 1485 DgD% + 7920 (D7yD3D4) + 13860 D6D4D2> + 8316 D2D2
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Then,
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+9240 (DD} ) + 27720 (DsDyDs) + 5775 (D} ) + 220 (Do D} ) + 2970 (D5 DD )
+7920 <D7D3D§> + 13860 <DGD4D%> + 8316 <D§D%> + 11880 <D7D§Dl>
155440 (DgD3DyD1) + 83160 (DsDyDyDy) + 55440 <D5D§z>1> + 69300 <DZD3D1>

<
<

+27720 (D5D4D} ) + 41580 ( DgD3DY ) + 166320 (DsD3Dy D} ) + 103950 (DD, D} )

+13860 (DD ) + 83160 (DsD3D3F ) + 51975 (DD ) + 138600 ( DsDID, )

115400 D§> 1495 <D8D§*> + 7920 <D7D2D§> 118480 <D6D3D§>

+138600 <D4D§D%> + 83160 <D5D§D1> + 415800 <D4D3D§D1> + 184800 <D§’D2D1>

+51975 (D4D} ) + 138600 (D3D3 ) + 792 (D7D} ) + 13860 ( DDy DY )

+27720 (DsD3DY ) + 17325 (DD} ) + 83160 ( DsDIDY ) + 277200 ( DyDy Dy DY )
+61600 (DD} ) + 207900 (D4DIDY ) + 415800 ( D3DIDY ) + 207900 ( DsD3 Dy )
+10395 (DS ) + 924 (DD} ) + 16632 (D5DoDY ) + 27720 (D4 DD} )

+103950 (DyDIDY ) + 138600 ( DID, DY) + 277200 ( DsDIDY) + 62370 (DID? )
+792 (D5 D] ) + 13860 (D4DDY ) + 9240 (DIDY) + 83160 ( Dy DD} )

+51975 (DD} ) + 495 <D4D§> + 7920 <733D2DI> + 13860 <D§D‘f> +220 <D3D§>>
+1485 (D3DY ) + 66 (DoD1”) + (D1?).

o
Because A = (01n 2)/(dp), we get
= A17
= AQ - A%7

op?
Pz
oud
0*lnZ
opt
®lnzZ
oud
9%InZ
Oub

"InZ
ou”
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= A3 —3A2A4; + 2A§7
= Ay —4A3A; —3A2 + 124,42 — 6 A7,
= As — 5A4A; — 10A3A45 + 204347 + 304241 — 604243 + 2443,

= Ag—6A4A54; — 154445 — 1043435 + 30./44./4% + 120435454,
+30.A435 — 1204343 — 2704242 + 3604547 — 12049,
= A; —-TAzA; — 21 A5 45 — 35 A, A5 + 42A5~A% + 21044454,

+140A3A3A; 4+ 2104342 — 2104443 — 1260434542 — 630434,
+840A3A7 + 25204343 — 25204543 + 720A7,

= Ag—8A7A; — 284545 — 56 A543 — 3544421 + 56A6A% + 336A5.42.41
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+560.44.43.A;1 + 4204442 4 5604245 — 3364543 — 252045 A5 A2
—1680.A43.42 — 504043434, — 630.A3 + 16804447 + 13440434543
+10080.A43.42 — 67204343 — 252004247 + 201604548 — 504045 (26)

Ag — 9As A1 — 36 A7 A5 — 8445 A3 — 1264544

+72A7A% + 504.46A2A1 + 100845434, + 630454, + 756.A5.43

4252045 A3 A5 + 56045 — 5044643 — 4536454542 — 756044434

—11340A4, 424, — 15120424241 — 756043435 + 3024 A5 AT + 30240454543
+20160.A43.A43 4 90720434347 + 22680.45.4; — 151204547 — 151200434247
—151200.A43.A43 + 604804345 + 2721604247 — 18144045 A7 + 4032049 (27)

Aig — 10A49. 41 — 45 A8 45 — 120A7 435 — 2104644 — 126./4% + 90./48./4%

+720A47 A2 A1 + 1680454341 + 2520454441 + 1260.,46./4% + 5040454345
+3150A43 Ay + 42004442 — 7204743 — 756045 A2 A2 — 15120 A5 4342
—945043.A% — 2268045424, — 75600.4,.43.42.4; — 16800.45.4,

—18900.44.A435 — 378004342 + 5040 A6.A7 + 60480454543 4 100800454343
+226800.45. 4347 + 302400434247 + 302400434341 + 22680435

—30240.A45.A7 — 37800045 A2.AF — 2520004347 — 1512000.43.43.43

—567000.A45.A% 4+ 1512004448 + 1814400434247 4 22680004547

—604800.43.A7 — 31752004349 + 18144004245 — 362880.41° (28)

A1 — 11A19A1 — 554945 — 16545 A3 — 3304744 — 4624545

+110A49.A% + 990 A5 A2 A1 + 2640474341 + 4620 A6 AsA; + 2772424
+1980.A7.A43 + 9240.A6.A3. A + 138604545 A5 + 92404543 + 115504343
—990A3A3 — 11880474242 — 27720 A6 A3.A7 — 41580454447 — 4158046434,
—~166320.A45.43.42.4; — 10395043 42.4; — 13860044434, — 41580.45.43
—207900.A4.A3.43 — 9240043 A5 + 7920 A7 AT + 110880464943 + 221760454343
+138600.45.A3 + 498960.45.43.47 + 1663200.44.A3.42.47 + 369600.A43A7
+831600.45. 4341 + 1663200434341 + 4158004345 — 554404647
—831600.A45.42.47 — 13860004543 A7 — 4158000444243 — 5544000.42.45A3
—8316000.43.435.4% — 12474004541 + 332640.45.A5 + 4989600444243
133264004243 + 24948000.A3.43.A7 + 124740004343 — 16632004447
—23284800.A342.A7 — 349272004347 + 66528004345 + 399168004347
—19958400.A42.A7 + 36288004, (29)

A — 12411 A1 — 6641042 — 2204943 — 49545 44 — 79247 A5 — 462./4%

—1—132./410./4% + 1320494241 + 3960454341 + 7920474441 + 11088464541
+2970 A3 A3 + 15840 A7 A3 Az + 27720 A5 A4 A2 + 1663242 A5 + 18480.A46.A3
155440454, A3 + 1155045 — 13204943 — 17820 A3 A2A% — 47520.A7.A3.A2
—83160.A46.4,.A2 — 4989642 A2 — 71280.A7A3A1 — 332640.A6.A3A2A;
—498960.A5.44.42.4; — 332640454341 — 415800.43.43.4; — 83160.45.43
—498960.45.A3.43 — 311850.42.A% — 831600.4,.43 A5 — 9240043 + 11880.Ag.A7
+190080.A7.A2A3 + 443520454343 + 665280454447 + 997920464347



+3991680.45.43.A9.A% + 249480043 A2 A? + 3326400444347 + 19958404545 A,
+9979200A4.A3A3A; + 443520045424 + 12474004445 + 33264004343
—95040.A7.A435 — 1663200454247 — 3326400454347 — 2079000.43A7

—9979200.45. 4343 — 33264000.44.A342.43 — 739200043543 — 24948000.44.43 A
—49896000.42.42.47 — 24948000.A43.43.A; — 124740045 4 665280.45.A4°
+11975040.A5A2.A7 + 1995840044 A3A7 + 74844000.4,4.43.A7

49979200043 A2.A7 + 199584000.43.A43A3 4 449064004542

—3991680.45.A7 — 698544004, 45 A% — 4656960043 4% — 419126400.43.45.47
—261954000.45A7 + 19958400.44.AF + 3193344004345 A7 + 558835200.435.45
—79833600.A43.4] — 538876800.43.AF + 239500800.42.41° — 39916800.4;>. (30)

At p = 0, because (0™(Indet M)/Ou™) is real for n even, purely imaginary for n odd, A, =0
for n odd.

0?In Z

6#2 = AQ?
0*Inz
7&“4 = Ay — 3«4%7
I Z :
T;I; = A — 154442 + 3043,
#nzZ
Tig = Ag — 28 4gAg — 3543 + 420 A4 A3 — 630.A3,
001 Z 2 2 3 5
a0 = Ao — 45 A5 As — 210A45.A4 + 1260.45.A% + 31504342 — 189004543 + 22680.43,
021n 2 2 2 3
oz = A1z — 6641042 — 4954544 — 46245 + 29704845 + 2772046.A44.A2 + 115504,
"
—83160.46.43 — 311850.43.A3 + 12474004445 — 1247400.45, (31)
and
O"InZ
=0 32
o (32)
for n odd.

Derivatives of Indet M; 0" (Indet M)/0u™.
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