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Introduction

Non-perturbative physics in QCD

* RHIC experiment

* Confinement « Vacuum wavefunction

* QCD at finite density

* Non-equilibrium quantum states
Variational methods with Hamiltonian

* Direct calculation of vacuum

* Time evolution of quantum states
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How do we compress Hamiltonian?
I ——_—, .S

What are the important degrees of freedom?

Dense

Sparse

Target the low-lying states!
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Density Matrix RG (DMRG)

Calculation load « L

* 1d quantum modelsat7 =0and 7" # 0
(Heisenberg, Hubbard, t-J, Kondo,...)

* 2d quantum models at 7 =0
(Heisenberg, Hubbard,...)

* Non-equilibrium quantum states

* Quantum information theory
* QED; ., with ¢ term
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Fermion and boson

Does DMRG work in gauge theories?

On a finite lattice
* Fermion: finite dimensional
* Boson: infinite dimensional
Essential difference.

DMRG needs to be tested in a bosonic model.
(1+1)-dim \¢* model: Critical coupling and exponent.
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Critical coupling

TS, JHEP 0405, 007 (2004)

Method Result
DMRG (L = 1000) 59.89 + 0.01
Monte Carlo (L = 512) 61.56103]
Gaussian effective potential 61.266
Gaussian effective potential 61.632
Connected Green function 58.704
Coupled cluster expansion  22.8 < (A\/p?)e < 51.6
Non-Gaussian variational 41.28
Discretized light cone 1 43.896, 33.000
Discretized light cone 2 42.948, 46.26
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Critical exponent
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DMRG: 5 = 0.1264 £+ 0.0073

Exact. 7 = 0.125
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Singular value decomposition

Ty = 3o SR Wiy

j=1
— >N Dyl oy,

D;, are singular values of ¥;;

Vi = Zévil Ui Dy Vi
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Finite system algorithm of DMRG
L

A method for finite L.
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A pair of sites is swept from end to end.
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DMRG in higher dimensions

* DMRG Is accurate
* DMRG works in bosonic models

* DMRG works in higher dim models

* Lattice size Is small
* Large memory is necessary

* Programming is complicated

| want only the power of DMRG but not complexity.
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Matrix product states
L —_

Ostlund and Rommer, PRL75, 3537 (1995)
Add a site |s)
[ant1) = 2a, s Aanir,anlsl|5)an)
Add many sites
laner) = AP s AW [s]lsz) .. s1)]an)

In L — 0, assume A™ = A and periodicity

(W) = tr|Alsg] ... Alsi]||sp) - |s1)
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S = 1/2 Heisenberg chain
T ———————

Energy function

L <\IJ|H|\I}> L 1 ~a oad L—2
E[A] = Ty tr(iL)tr(S Sa1l=2)
where
SU=N (s|SPsNA*[s] @ A[s], 1= A*ls]® Als]

Diagonalization of 1 simplifies 1*=2 and 1~.
The Powell method is used for minimization.
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S = 1/2 Heisenberg chain
o ———

Ground state energy per site
M matrix dimension

M\L 10 100 1000 10000
6 —0.4092 —-0.4372 —-0.4371 —0.4368
12 —0.4092 —0.4427 —0.4425 —0.4425
Exact —0.4515 —0.4438 —0.4431 —0.4431

The method works well for large L, but not for small L.
The error is less than 1% for L = 10000.
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2d S =1/2 Heisenberg model

Need to find a one-dimensional structure.

~ N
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2 — >
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Consider the tube as a ring.
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Vacuum energy per bond

Ring size: Ly = 10000
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Comparison
o —h—

2d S = 1/2 Heisenberg
Vacuum energy per bond in L — oo

Method E Lattice size Year
Monte Carlo —0.3347 162 1999
DMRG —0.3347 122 2001
TPVA —0.3272 00 2004
This work —0.328 = 0.001 10000 x 4 2004

There I1s no exact solution.
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U(1) plaquette chain model

Kogut-Susskind Hamiltonian
H= Z E} — Z +U}).

Quantization

B, U) =0, [BE,U)] = =U]

Quantum mechanics on S' (Ohnuki and Kitakado)

Fla) = ala), U"a)=|n+a), 0<a<l

Set o = 0 for numerical calculation.
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Vacuum energy per site

° Green'’s function MIC (Hamer) O
O 8 2 Matrix product (This work) [
-1 - i
o 122
-2 .
L]
E = .
4 F o
10000 x 1 o162
5 0 -
5 ) 2 3 4 5
x=1/g"
This work: Np.«is = 9, Mpatrix = 2.
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Gauge invariance

VEYV of electric field E,
(U|E| W) ~ 1077

for x =1.0,2.0, and 4.0.
The obtained vacuum is almost gauge invariant
because the Gauss law

V-E=0

IS approximately satisfied.
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Summary
o ———

DMRG works well in the A\¢{,,; model

1d S = 1/2 Heisenberg model
* Numerical implementation of matrix product
* Two digits of the exact values
* No gap between St =0 and St =1
2d S = 1/2 Heisenberg model
» Consistent with the existing results

U(1) plaquette chain
* Gauge-singlet state is energetically favorable
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Future works

Larger lattices for refinement

SU(2) gauge theory
Finite temperature and density

Non-equilibrium system

Model mapping like bosonization
* Connection with matrix models
* Protein as a many-body quantum state
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