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! | * Definition of PDF

> Lightcone quark distribution
fupteai) = [ e P e o f i

, Ton
) 2P -n

k k
P P

> Boost invariant along n-direction

> Cut-vertex notation: k.
) (:c —

> Parton interpretation emerges in A, = A - n = 0 gauge.
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PDF by fitting data
> QCD@high energy: fit e T—

NLO or NNLO DGLAP Evolution
+ NLO or NNLO calculations of partonic hard coeff.
+ a set of universal PDFs (CTEQ, MRST, NNPDF, ...) A\
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! 2 | Lattice QCD

> The main non-perturbative approach to solve QCD

2000 -~ . :
4 | Budapesl-Marseille-Wupps=srtal collaboration |
» Hadron mass spectrum: _ e
1500 . ="
] o = === 3"
. = ' = = i
Predict the spectrum > - - A :
e : = 1000 I
with limited inputs = : == K
500_’ e K —— expernment
. —= width
] o input
- = i QCD

> An intrinsically Euclidean approach

« “time”is Euclideant =it
* No direct implementation of physical time

»> Cannot calculate PDFs directly, whose operators
are time dependent
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' PDFfromlattice

> Only moments of PDFs can be calculated at present:
local operator

« (X" )g = fol dx xnfq/p(x: 1)

» Works, but, hard and limited moments:
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Dolgov et al., hep-lat/0201021 Gockeler et al., hep-ph/0410187
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PDF from Iaﬁice

> How to get x-dependent PDFs with a limited moments?

Assume a smooth functional form with some parameters

Fit the parameters with the lattice calculated moments
xfaspoud) = axP(1—x)°(1 + € vx + %)

1 " 1
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Can not distinguish valence quark contribution from sea quarks
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Ji’s new idea

> “Quasi” quark distribution (spin-averaged): e

F : d Z _—ix A . e
farplw,p®, Po) = /%f’ PPl (EL) - exp{—zg/o dnzAz(nz)}w(O)m

» Cut-vertex notation 5( kn) e

oP-n, \"' P.n,) (2n)
k k

P P

> Features

 The matrix element depends on the momentum P along z-direction
 Quark fields separated along the z-direction
 The gauge-link along the z-direction

« This distribution can be calculated using standard lattice method

> No apparent parton interpretation
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Large P, limit

Ji, 1305. 1539

> Stated:

 The “quasi” quark distribution becomes the standard quark
distribution at the limit of P, —» « after renormalizing all UV
divergence

 The leading-order Altarelli-Parisi evolution was derived in this way

> Finite but large P,:

« Itis potentially calculable in lattice QCD

« Since it differs from the normal quark distribution by simply an
infinite P, limit, it should have the same IR physics

« It should be related to the normal quark distribution by
a matching condition
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” | * Conjecture: factorization

Ji, 1305. 1539

> Stated:

It is possible to have the following factorization up to power corrections:

For(@ 2 P = [Fdy/y Z(x )y, 1) Po) fayp(y 1)

fq/p(yaﬂz)
P
P P

{ BNL, NY, USA, Mar. 27, 2014 Yan-Qing Ma, BNL 10/30




1 2 b Key questions

> |Is there an all order factorization for finite but large P,?

> How large of the P, do we need?
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! | ‘Conditions for quasi PDFs

Ma, Qiu, In preparation

> Supposing we have another set of PDFs, which can give an
equally good decomposutuon of any differential cross section:

do(Q,xr) Z/ dr do;(Q,xp,x, 1 )fa/p(:z: 1°)
7Quar) =Y [ 2 d5u(Quar, 240 (@)

Free of soft divergence, same collinear
divergence, UV renormalizable (if not cut-off)

> Necessary and suﬂ" cuent condltuorr
ol (0}) = / L) fyl )

> Necessary condition:

ool ) Z [ 25(505) Funta 02D
« ZandZ are flmte free of UV and IR divergence
« Sufficient condition: obviously
* Necessary condition: choosing special cross section, which can either
mimic normal PDF or quasi PDF
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! | * Nonuniqueness of PDFs

> There are a lot of quasi PDFs that can satisfy Eq.(1)

« Perturbative expansion: Z =Y, Z(%
* Any Z;;(x) that satisfy the following condition is sufficient to define a set
of qualified quasi PDFs: Zg.)) () = 0;;0(1 — )

Eq.(1) gives: §;;0(1 — ) Z/dm (/2" Zi i (2)

Solution: Z.(.))( ) =0;;0(1 —x),

n) ?’1>O Z Z/ ”n m) ZE )ZZ(T)( )

m=1 4’/

> Necessary and sufficient condition for Z: unique solution
for X of equation:

Z/dm (/2 Z(( (') =Y (x)
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! | * Matching coefficients

» Once we choose an operator definition for quasi PDFs , Z and
Z can be determined by matching condition

ey =05 [ A () £ )

m=0 1

Suppose: [/ (x. %) = f)) (. {r*}) = 0,50(1 — )

Solution: ' (. {uz ) = d0(1 - ),

( {;; )n>0 l/J( {UQ}) L/J (@, “ ZZ/) - {u2})fkm) 2, NQ)

m=1 k

> Large x behavior of quasi PDF constrained by small X

behavior of normal PDF o
QCD is IR logarithmic divergent: fé?;)(:t’,;ﬂ) =701 /2

Integration is finite needs: Z?:(;’)(x, {(v*/1*}) SRES O(1/22) +eeeeennns (2)

Equivalently: f?(/’;) (z,{v°}) rdee O(1/x%)
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One loop example: g—q

> Diagrams: 4, = 0 gauge Vo ne [-n,\ d*l
/ 2P -n, <x P nz> (2m)*
L L [
1 - 1 -
+ > d*B (q) + 5 d%f (q)
7 q g\
P P P P

> Polarization: double pole!!!

q°nz +ngq? niq*q’

d*(q) = —g* +
1 J qz qz
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! | | Integrand

> Real+Virtual y = 1./P. and \* = [3 /P>

-y

- ofH d12 TodL 1 N 1+y2—€e(1—19)°
ff;; (2, %, P N/ZQHE/ _><_ ’y—l‘)—()(l—ﬂf)]{ y—el=y)
I =y

y { y 1 } (1— e)y)\Q A\ YA
/\2 _|_y2 \/)\2 _|_(1 )2 [
T :
* Vector current conservation: / dx fq/(q)(zzj, [i°. P =0

- Soft divergence:y — 1

« Collinear divergence: 12 - 0

- Upper limit of 12 is not specified. Different choice corresponds to
different regularization/renormalization scheme.
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! ~ Cancellation of soft divergence

> Cancellation of double pole

* S(y—x)—86(1—x)~0(1—y)asy— 1. Only the last term is possible

to be soft divergent:
P) y—>1

Oy—x)—o(1—a)]/(d—y)” "~ 1/(1-y)
* Integration: y € (—o0,40)
> Regulator

 Feynman gauge: pole at y — 1 is regularized by infinite small
imaginary part. The correct expressions for double pole:

1/[(1—y)*+¢?]

* Integration of double pole is finite: odd function around the pole.
Only principle value contributes
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Cancellation of collinear divergence

f;); (x, 1%, P%) = CF—N

Ly —el—y)°

di3 /‘+°° dl, 1

o l2+26 EX§[6(3}_$)_5(1_$)]{

L=y

— o0

(1 — €)Yy A YA

X |+ Sk |+ -+ +
VI (=2 ey N R (=) N+ (1 -

» Decomposition

LTy [Senp L W g P “‘JW
N py2 A2 (T -y ) i VA2 ; \/)\2
VAT 4y Ty

« Terms in brackets 0(12), no collinear divergence

* Only the first term is collinear divergent: 0 < y < 1, the
same as collinear divergence in normal PDF

> Collinear divergence cancel in matching coefficients!

BNL, NY, USA, Mar. 27, 2014 ‘ Yan-Qing Ma, BNL
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! | Matching beyond one-loop

> What is needed? Firn: V) Z/
ool ) / 2 '{F}) il 0))

* Need to show that the “quasi PDFs” are free of soft divergence, like the
normal PDFs, order-by-order to all orders

* Need to show that the “quasi” PDFs share the same collinear
divergence, perturbatively to all orders, as the normal PDFs

> Above factorization is nontrivial!

* The condition f; ,(x, u?,P,) = f;/,(x, 4?) in the limit P, > o is not enough

 There may be terms infrared divergence at O (ﬁ—z)

« The condition in Eqg.(2) is needed to check

; BNL, NY, USA, Mar. 27, 2014 Yan-Qing Ma, BNL
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! | * Soft cancellation

> Factorize quasi PDFs by normal PDFs

» One -loop case:

Soft pole cancel between real diagrams and loop diagrams

> All order

« Summing over all intermediate states, soft pole cancelled by
unitarity.

400
« Vector current conservation at one-loop level / dx f (1)( v, ji*,P2) =0
is correct to all order. T
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H Decomposition for collinear divergence

> Generalized ladder diagrams decomposition in a physical
gauge Mueller, PRD 1974 k k

o P

k k * G

G
M>: +Co* + + Ko 4+ eee

P P P

. S
« Blob M: matrix element P
* Cp Ky: 2PI kernels

« Ordering in virtuality p? « k? ~ u?

k2
> General axial gauge + *
CO — “ =E y
<>
 Double line: gauge link * {
P2 ~0
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* ’ 2P| kernels

> Diagrams

b
+zPI * —  fooooy +Z’%@‘Z b

> Using physical gauge, 2P| diagrams are finite

Ellis, Georgi, Machacek, Politzer, Ross, 1978, 1979

- Landau rule: infrared divergenceare associated with physical,
kinematically allowed subprocesses

« 2Pl diagrams: from interference terms (other than the lowest order one)

; BNL, NY, USA, Mar. 27, 2014 Yan-Qing Ma, BNL
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T Factorization

k

> Spinor decompositkion —power counting:

1 ~ 1
A k1= Sy (31 P)

=K1 =

N 2 2
AN yn 1 y-n 5 kaome
) 2]%17’1,_3712P7’L xl_P"fLZ L1
> Approximation von. 1 4yem < P2>
/\< ~ - +O FIGY
1 [ pe 2k1-m, T12P-n k2
nt = —nt Ko
== /2 |Pon I Contact terms

. ’ g . Qiu, PRD 1990
> Factorize the last kernel, and then recursively:

« P: extracts the singular part of integration

J[ :(Y(] Z ]Xrg) \[ (7 1 1
i=0 M =
: ) Ta o) i e,

=Co [1+ Y Ki'PKo+ Y Ki(1- P)KO]

S = Divergence are included
=Cy |1+ ) KT (1 =P)Ky | + MPK, in the second term

1=1
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! . * Factorized form

» Quasi PDFs can be factorized by normal PDFs.

> As proved above, the factorization is reversible:
Fopla 070 =3 [ 20 (2 A%0) funten®

1% ~ _ ‘
il / L 75 {”—2}) Finl@ (v
* The first equation: check the consistence between lattice calculation and

experimental data

 The second equation: extract normal PDFs from lattice calculation
directly!

> Slightly different from the factorized from given by Ji:
Fapla 12, ) = [ dyfy Z(x )y, 1) P:) fayn(y, 1)

* Integration region, more flavors, reversed factorization
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| 2 OAne loop matchingcoefﬁciént

> Result in cut-off regularization scheme

' 2 A A, Sgn(x)A,

Z(h) — Q15[13’(1“')__1— (ml‘b 3 CoF A“‘) }
qq CFQW an[ﬁ (I—2)+ (1—$)2+1—$+A$+‘$‘ M N
with 1422

P = 55 Ay = /2 /P2 +a? — |z

A,
Acut = Sgn(x) In (1 + %) +(r—1—2x)

/;OO (o) hn = | :O e g() [h(x) — h(1)
> Features

 As x — too, we have a correct behavior: Z(g(l;) — O(1/2?)
* Vanishes as P, —» o (if normal PDFs are also regularized by
cut-off), expected by Ji’s argue.

. . ag p?
* Finite terms: 0 2—;% , good convergence!
Z

> Explicit calculation: same features for all other channels!
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l Comparison with the work by Xiong et al.
Xiong et al. 1310.7471
> Xiong et al. also calculated the one-loop matching
coefficients for g — g channel, and claimed the
factorization at one-loop level. Our results for g — q
channel agree with their results at intermediate stage.

4 J_+ (A r)—xP*%) . rP* A (1—a )4+(1 \( ) ‘ ]
hl( 1) \ H’ (1*3’) + l - j}\(_l) + (1 )2p r = l .

H— (P?) 1422 4r(.-‘\(-r)frpz) Az : xP? j\ xTr) = !.2 + ._I"Q P:: 2
(1111 )12 +\( 111 SR )PZ)—E+1_A(_aq ( ) \//[ ( )
+(1 r)

21 + e O<or<l,

1422 (2—1)(A(x)—xP?)
- ln AT P LT

=Pz eA(l—z)+(1—x)A(x)
(x) + (1—x)2P* ’ <0

> However, their final matching coefficient violates
condition Eq.(2)

* Their results are obtained by taking the u — oo limit

« As x - oo, their matching coefficient behaves as Zg/)q x) ~0(1/x)

[ e e 1,
g?(l)(.t‘_ L P — (Li;F 11793 In ¢ “»2)‘ 4 1+:c In 2 49: . 4_r 414+ (T%’F 0 < <1,
= 14z +2? r—1 1 <
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More recer;t deJeIobmeﬁt g

> First lattice calculation is available

Lin et al. 1402.1462

% 25T 3.0 L A A B T
@ i MSTW DSSV kY
b é B % 1 200 O J12 250 JAM kY ]
PN Lattice b Lattice
fa iz 15F \

' Im i‘iﬂfi ]
oeﬂ"ééuu'¥ Gakies
YL
I | 1 %%¥I 1 | ¥ *
-10 -5 0 5 10

FIG. 3. (top) The isovector helicity distribution Au(z) —
Ad(z) (purple band) computed on the lattice, along with
selected global polarized analyses by JAM [19] (green dot-
dashed) and DSSV09 [3] (brown dotted line). The corre-
sponding sea-guark distributions are Ag(z) = Ag(—=z).

FIG. 2. The unpolarized isovector quark distribution u(z) —
z d(x) computed on the lattice (purple band), compared with
the global analyses by MSTW [13] (brown dotted line), and
CTEQ-JLab (CJ12, green dashed line) [14] with medium nu-
\ . ) clear correction near (1.3G0V)2. The negative x region is the
FIG. 1. Thc real (top) _and imaginary (bottom) parts of the sea quark distribution with g(z) = —q(—xz).
nonlocal isovector matrix element h of Eq. 3 computed on a
lattice with the nucleon momentum P. (in units of 27 /L) =
1 (red triangles), 2 (green squares), 3 (cyan diamonds).

Good convergence, but results are not consistent
with experimental data

Matching coefficients?
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' Summary

> PDFs, FFs, and other correlation functions are fundamental
in QCD, but, hard to calculate from first principle.

> Recent new idea: normal distributions can be obtained by

corresponding lattice calculable quasi distributions by
taking P, - oo.

> We derived the general condition (matching relation) for quasi
PDFs that can equally good factorize any cross section.

> We prove the factorization to all order in a, for some
specifically chosen quasi PDFs.

> Explicit one-loop calculation confirm the factorization.
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' Outlook

> AdditiOﬂﬂ' matChing: Ishikawa, Qiu, Yoshita, in progress

(e, p?) < falap?, P2)
()
fe(x.fi, P2) +— f5*(x.1/a.P2)

* Intermediate matching is not needed as far as quasi PDFs have the
same results in both Minkowski space and Euclidean Space

> Quasi distributions for TMDs, GPDs....?

How to find a set of quasi distributions that satisfy a general
condition, like Eq.(1)?

> Lattice calculation is still hard...
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Thank you!



