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Motivation

the energy momentum tensor Tµν

Tµν = T 0
µν + δTµν ,

where δTµν = ησµν with σij = 1
2

(
∂iuj + ∂jui − 2

3

(
∂kuk

))
the viscous correction to the energy momentum tensor δTµν can be
related to the viscous correction to the distribution function δf (p) as
[Dusling, 2010]

δTµν ≡ ησµν =

∫
d3k

(2π)3

kµkν

Ek
kαkβσαβδf (k) ,

and

f (k) ≡ f0(k) + δf (k) = f0(k)

[
1 +

(
1±f0(k)

)πµν k̂µk̂ν
2(ε+P)

χ(k/T )

]

replacing f0(k) by f (k) ≡ f0(k) + δf (k) in AMY’s calculation of
equilibrium thermal photon emission rate at weak coupling, one can
get a viscous velocity gradient correction to the equilibrium thermal
emission rate, which can be written as
[Shen, Paquet, Heinz, and Gale, 2015]

dΓ

d3k
=

(
Γ0 +

πµν k̂µk̂ν
2(ε+P)

Γ1

)
,

where πij = ησij

our motivation is to calculate Γ1 at strong coupling using AdS/CFT
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Introduction to AdS/CFT correspondence

weakly coupled supergravity in AdS ≡ strongly coupled gauge theory
at the boundary of AdS [Maldacena’98; Gubser et al.’98; Witten’98]
the reverse is also true
example: Type IIB supergravity in AdS5 ≡ N = 4 Super-Yang Mills
(SYM) gauge theory at the boundary of AdS5

parameter mapping:

α′2

R4
=

1

λ

G5

R3
=
π/2

N2
c
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weakly coupled supergravity in AdS-Black Hole ≡

strongly coupled
gauge theory at finite temperature at the boundary of AdS-Black Hole

thermodynamics
TBH ≡ T

SBH ≡ S

FBH ≡ F
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the partition function for the gauge theory in Euclidean signature

Zgauge(J;Nc ,λ) =

∫
D(fields)e−Sgauge(fields;Nc ,λ)+

∫
ddxOJ

the partition function for the supergravity in Euclidean signature

Zgravity(φ0;Gd+1,
α′

R2
) =

∫
Dφe−Sgravity(φ;Gd+1,α

′

R2 )

gauge-gravity duality

Zgauge(J;Nc � 1,λ→∞) ≡ Zgravity(φ0;Gd+1 � 1,
α′

R2
→ 0)
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n-point functions from holography

Type IIB supergravity ≡ N = 4 Super-Yang Mills (SYM) gauge
theory

ZSYM4(J;Nc � 1,λ→∞) ≡ Zgravity5(φ0;G5 � 1,
α′

R2
→ 0)

classical limit

ZSYM4(J;Nc � 0,λ→∞) ≡ e−Sgravity5
(φcl ;Gd+1,α

′

R2 )

where
φcl(ωE ,

−→
k , u) = F (ωE ,

−→
k , u)φ0(ωE ,

−→
k )

specific example: scalar field in AdS

Sgravity5(φ;G5,
α′

R2
→ 0) =

1

2

1

16πG5

∫
d5x
√
−ggµµ∂µφ∂µφ

ds2 =
π2T 2R2

u
((1− u2)dτ2 + dx2 + dy2 + dz2) +

R2

4(1− u2)u2
du2
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Son-shell =

1

2

1

16πG5

∫
d4k
√
−gguuFE (−k , u)∂uFE (k , u)φ0(−k)φ0(k) |u=0

< O >E=
δZSYM

δJ
= −δSon-shell

δφ0
= −1

2

1

16πG5

√
−gguuFE (−k , u)∂uFE (k , u)φ0(−k) |u=0

< OO >E=
δ2ZSYM

δJδJ
=
δ2Son-shell

δφ0δφ0
=

1

2

1

16πG5

√
−gguuFE (−k, u)∂uFE (k , u) |u=0

GE (t,−→x ) = < TEO(t,−→x )O(0) >E

GE (ωE ,
−→
k ) = < OO >E

GR(ω,
−→
k ) = GE (ωE ,

−→
k ) |ωE=−iω=

1

2

1

16πG5

√
−gguuF (k , u)∂uF (k, u) |u=0

[Son and Starinets’02; Iqbal and Liu’09]
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Thermal Photon Emission Rate from AdS/CFT
correspondence

thermal photon emission rate

dΓ

d3~k
(εµ) =

e2

(2π)32|~k|
εµ(εν)∗G<

µν(k)

∣∣∣∣
k0=|~k|

,

where

G<
µν(k) =

∫
d4x e−ikx〈Jµ(0)Jν(x)〉

in the static equilibrium plasma, one of the fluctuation-dissipation
relations (or KMS relations) can be used to replace the Wightman
function G< with the retarded Green function −2nB(ω)ImGR

using real-time Schwinger-Keldysh formalism of holography, we have
proofed that the fluctuation-dissipation relations (or KMS relations)
still hold in near-equilibrium plasma
it has also been proofed at weak coupling
therefore, it’s enough to calculate the retarded Green function GR in
order to calculate the thermal photon emission rate including its
viscous velocity gradient correction
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our bulk metric has the form [Bhattacharyya, EHubeny, Minwalla,
and Rangamani, 2008]

ds2 =
dr2

f (r ,T )r2
+ r2 (−f (r ,T )uµuνdx

µdxν + (ηµν − uµuν) dxµdxν)

+ δgµνdx
µdxν ,

where

f (r ,T ) = 1−
(
πT

r

)4

,

the local temperature T and the fluid velocity uµ are now slowly
varying in space-time, representing hydrodynamic evolution of the
gauge theory plasma close to equilibrium
the velocity gradient correction to the metric, δgµν , is given by

δgij(r) = S(r)σij ,

where S(r)

S(r) =
r2

2

1

πT

(
π − 2 arctan

( r

πT

)
+ log

[(
1 +

(
πT

r

))2
(

1 +

(
πT

r

)2
)])
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5D Maxwell’s Action on Velocity Gradient Corrected 5D
Bulk Metric

5D Maxwell’s action on the velocity gradient corrected 5D bulk
metric is

SE = − 1

16πG5

∫
d5x
√
g5

(
1

8
FMNF

MN − 1

2
σij

S(r)

r4
FiNFjQg

NQ

)

the Maxwell’s equation of motion for the transverse component of
Aν(k, r) = (εµ)∗GRµν(k , r)φ0(k) can be written as[

∂r
(
r3f (r)∂r

)
+

1

r

(
ω2

f (r)
− |~k |2

)]
Aν(k, r) = 0

Aν(k, r) satisfies the UV boundary condition
Aν(k , r →∞) = φ0(k)(−i(εν)∗)

Kiminad Mamo (UIC) Viscous Correction to Thermal Photon November 19, 2015 11 / 17



5D Maxwell’s Action on Velocity Gradient Corrected 5D
Bulk Metric
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Viscous Velocity Gradient Correction to the Retarded
Green Function, δGR

µν(k)

an exact analytic solution for Aν(k , r) in terms of the hypergeometric
function 2F1(a, b; c ; z)

Aν(k, r) = −i(εν)∗
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Viscous Velocity Gradient Correction to the Retarded
Green Function, δGR

µν(k)

using the above solutions in the action and taking functional
derivative twice with the boundary value
Aν(k, r →∞) = φ0(k)(−i(εν)∗), we determine the correction to the
retarded Green function, δGR

µν(k), due to the velocity gradient σij to
be

δGR
µν(k) =

i

32πG5
σij

∫ ∞
rH

dr
S(r)

r

[(
∂rGRiν(k, r)

)(
∂rGRµj(k , r)

)
g rr

+
(
kiGRρν(k , r)− kρGRiν(k, r)

)(
kjGRµσ(k, r)− kσGRµj(k, r)

)
gρσ

]

the correction to the thermal photon emission rate becomes

dΓshear

d3~k
(εµ) =

e2

(2π)32ω
εµ(εν)∗δG<

µν(k) =
e2

(2π)32ω
2nB(ω)Re

[
δG (R)(k ; ε)

]
,
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Viscous Velocity Gradient Correction to the Retarded
Green Function, δGR

µν(k)

which can be written compactly as

dΓshear

d3~k
=

16× e2

2(ε+ P)
Γ(1)(ω)k̂ i k̂ jησij ,

where we summed over photon polarization using εi (εj)
∗ → δij − k̂i k̂j ,

integrated by parts, and defined

H(r) ≡

(
1−

(
πT

r

)2
)−i ω

4πT
(

1 +

(
πT

r

)2
)− ω

2πT

× 2F1

(
1− 1

2
(1 + i)

ω

2πT
,−1

2
(1 + i)

ω

2πT
; 1− i

ω

2πT
;

1

2

(
1−

(
πT

r

)2
))

,

and

Γ(1)(ω) =
1

(2π)32ω
2nB(ω)

N2
cT

16π2

× Im

[
1

φ0(k)2

∫ ∞
rH

dr

[
∂r

(
S(r)

r2

)
r3f (r)H(r)∂rH(r) + ω2S(r)H(r)2

r3

]]
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The Total Thermal Photon Emission Rate Including the
Viscous Correction

Γ(0)(ω) is the equilibrium photon emission rate in the derivative
expansion

dΓ

d3~k
= e2Γ(0)(ω) +

16× e2

2(ε+ P)
Γ(1)(ω)k̂ i k̂ jησij + · · · ,

and is given by [Caron-Huot, Kovtun, Moore, Starinets, and Yaffe,
2006]

Γ(0)(ω) =
1

(2π)3ω
nB(ω)
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cTω

32π

×
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ω

2πT
, 1 +

1

2
(1− i)

ω

2πT
; 1− i

ω

2πT
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Figure: at strong coupling [KM, and Yee, 2015]
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Figure: at weak coupling for 2→ 2 scattering [Shen, Paquet, Heinz, and Gale,
2015]
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Thank You!
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