
Forward scattering in 
SCET: Glauber exchange 
and the BFKL equation

Sean Fleming, University of Arizona

BNL, December 2014



Outline

Soft Collinear Effective Theory

The Glauber region

Glauber interactions in SCET and the BFKL equation

Outstanding Issues



perturbative corrections

Motivation for SCET

Reproduce the factorization proofs of QCD in an EFT 
framework

Derive factorization at the operator level rather 
than diagrammatically

Systematically incorporate corrections:

power corrections

Large logarithms summed through 
renormalization group methods



Scalar Vertex as Example (Dim. Reg.)

Degrees of Freedom?

What degrees of freedom are needed for an EFT?

Those that reproduce the infra-red physics of QCD

Double and Single (InfraRed) Poles!
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All components of the loop momentum vanish together

One light-cone component remains finite, all other 
components vanish

“Soft” regionkµ � 0

k� � fixed ki
� � 0 k+ � 0 “Collinear” region

Origin of IR Poles in the Scalar Vertex

All Order Analysis: Landau Equations

All order behavior of diagrams is analyzed using the 
Landau Equations

One loop results hold at all orders: IR singularities 
arise from “Soft” and “Collinear” regions



Diagrams of IR regions: Reduced Diagrams
E.g. Electromagnetic Form Factor

H: kµ �
�

q2

J: “Collinear”

S: “Soft”
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J
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All Order Analysis: Landau Equations



Effective Field Theory of “long-distance” modes 

SCET Degrees of Freedom

modes pµ
= (+,°,?) p2

fields

collinear Q(∏2, 1,∏) Q2∏2 ªn, Aµ
n

soft Q(∏,∏,∏) Q2∏2 qs, Aµ
s

usoft Q(∏2,∏2,∏2
) Q2∏4 qus, Aµ

us

Soft Collinear Effective Theory



SCETI

SCETII

usoft pµ ª §

collinear p2
c ª Q§, ∏ =

p
§/Q

soft pµ ª §

collinear p2
c ª §

2
, ∏ = §/Q

Energetic jets

Energetic hadrons

Soft Collinear Effective Theory



Crucial Distinction Between SCETI and 
SCETII

k+

k�

Q

�Q

�2Q

�2Q �Q Q

n-coll.

n̄-coll.

soft

SCETII involves modes that sit on 
same rapidity hyperbola. This leads to 

the need for a factorization scale, 
which arises in the form of a new set 

of divergences which are not 
regulated by dim. reg.

Manifest itself in the form of 
rapidity divergences which do 

not cancel sector by sector

I =
R dk+

k+Introduce a rapidity scale   
which separates modes

| k+/⌫ |�⌘

d� = S(⌫, µ)Jn(µ, ⌫)Jn̄(µ, ⌫)

Gauge invariant prescription9

⌫

usoft

Soft Collinear Effective Theory

SCETI

Momentum modes are 
separated by invariant mass
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Split QCD into                                                    two sectors:

UsoftCollinear

QCD

Describes interactions  
among the energetic  

particles

Describes interactions  
amongst usoft particles

Interactions between 
usoft and collinear 

Lc = ξ̄n

{
in · Dc + i/D⊥

c
1

in̄ · Dc
i/D⊥

c + gn · As

}
/̄n

2
ξn

To construct the collinear Lagrangian one can match full QCD onto operators with
collinear fields that are invariant under usoft and collinear gauge transformations. The
collinear Lagrangian at order λ0 is [10, 11, 12]

Lc,n = ξ̄n,p′

{

i n·D+gn·An,q +
(

P/⊥+ gA/⊥n,q

)

W
1

P̄
W †

(

P/⊥+ gA/⊥n,q′

)

}

n̄/

2
ξn,p

+
1

2g2
tr

{

[

iDµ + gAµ
n,q , iDν + gAν

n,q′

] 2
}

+ Lg.f.
c , (10)

where Lg.f.
c are gauge fixing terms, iDµ = i∂µ + gAµ

us, and

iDµ =
nµ

2
P̄ + Pµ

⊥ +
n̄µ

2
i n·D . (11)

Since usoft gluons act as background fields in the collinear gauge transformation the cou-
plings, g(µ), for both types of gluons must be identical.
Usoft and Soft sectors:

The usoft and soft Lagrangians for gluons and massless quarks are the same as those
in QCD. From Eq. (7) we see that collinear quarks and gluons interact with usoft gluons,
however at order λ0 only the n ·Aus component appears in Eq. (10). In order to prove
factorization formulae it is essential to disentangle the collinear and usoft modes. This can
be done by introducing an usoft Wilson line

Yn(x) = P exp

(

ig

∫ x

−∞

ds n·Aus(sn)

)

, (12)

where the subscript n on Yn labels the direction of the Wilson line (we emphasize that this is
different from the meaning of the subscript on Wn in Eq. (8)). An usoft gauge transformation
takes Yn → VusYn. In Ref. [12] it was shown that the field redefinitions

ξn,p = Yn ξ
(0)
n,p , Aµ

n,p = Yn A(0)µ
n,p Y †

n , (13)

imply Wn = YnW (0)
n Y †

n and decouple the usoft gluons from the collinear particles in the
leading order Lagrangian

Lc,n[ξn,p, A
µ
n,q, n·Aus] = Lc,n[ξ

(0)
n,p, A

(0)µ
n,q , 0] . (14)

Thus, the new collinear fields with superscript (0) no longer interact with usoft gluons or
transform under an usoft gauge transformation. Since the field redefinitions do not change
physical S matrix elements, the new fields give an equally valid parameterization of the
collinear modes. The leading SCET Lagrangian therefore factors into separate collinear
and usoft sectors. This alone does not guarantee factorization in operators and currents,
since after the field redefinition these operators may still contain both usoft and collinear
fields. However, the field redefinition makes factorization transparent since identities such as
Y †

n Yn = 1 may be applied directly to the operators. This will become clear in the examples
in sections III and IV.

The coupling of soft gluons to collinear particles differs from the usoft-collinear inter-
actions. Interactions of a soft gluon with a collinear particle results in a particle with
momentum p ∼ Q(λ, 1,λ), so soft gluons can not appear in the collinear Lagrangian. These
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currents are given by

J µ
v (x) = �̄(x)⇥µ�(x) , J µ

a (x) = �̄(x)⇥µ⇥5�(x) , (21) {QCDcurrents}

and for convenience we will adopt the short-hand notation J µ
i = �̄(x)�µ

i �(x). The matching

of these QCD currents onto SCET is given by the convolution formula [5]

J µ
i (0) =

⇤
d d ̄C( ,  ̄, µ)J (0)µ

i ( ,  ̄, µ) , (22)

where C contains short-distance dynamics at the scale Q, while J (0)µ
i describes all longer

distance scales. The SCET production current at leading order in ⌅ is given by

J (0)µ
i ( ,  ̄, µ) = ⌥̄n,⇥(0)�µ

i ⌥n̄,⇥̄(0) , (23)

where ⌥n,⇥(0) = ⇤( � n̄ ·P)(W †
n⌃n)(0) and ⌥n̄,⇥̄(0) = ⇤( ̄ � n ·P)(W †

n̄⌃n̄)(0). Here the (0)

indicates that the fields are at coordinate xµ = 0, and we recall that this xµ dependence

carries information about the residual momenta at the scale Q⌅2 = m2/Q. The dependence

on larger momenta is encoded in labels on the collinear fields [6], and, for example, ⇤( �n̄·P )

forces the total minus-label-momentum of (W †⌃n) to be  .

Since the above Lagrangians and current are LO, it is natural to ask how big the power

corrections are. As it turns out, higher order Lagrangians and currents in SCET give cor-

rections to our analysis at O(�sm/Q), or O(⇥/Q). The leading action contains all m/Q

corrections that do not involve an additional perturbative gluon. There will also be power

corrections of O(�/m) and O(m�/Q⇥). These corrections are discussed in more detail in

section IVG below.

One can decouple the soft and collinear modes in L(0)
qn by performing a field redefinition

on collinear fields [7]

⌃n,p ⇤ Yn⌃n,p , Aµ
n,p ⇤ YnA

µ
n,pY

†
n , (24)

where Yn is a soft Wilson line

Yn(x) = P exp
�
� ig

⇤ �

0

ds n·Aus(ns+x)
⇥

. (25) {Yn}

This gives

Y †
n (x) = P exp

�
ig

⇤ �

0

ds n·Aus(ns+x)
⇥

, (26)

which satisfies Y †
n Yn = 1. For two-jet production the factorization is simplest [21] with

the reference point s0 = ⌅ shown in Eq. (25). The gluon matrices are either antipath-

ordered (for P) or path-ordered (for P). We use the same Wilson line for both the quark

and antiquark parts of ⌃n, which ensures that charge conjugation still acts in a local way on
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After:

Field redefinition via usoft Wilson line:
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To construct the collinear Lagrangian one can match full QCD onto operators with
collinear fields that are invariant under usoft and collinear gauge transformations. The
collinear Lagrangian at order λ0 is [10, 11, 12]

Lc,n = ξ̄n,p′

{

i n·D+gn·An,q +
(

P/⊥+ gA/⊥n,q

)

W
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P̄
W †

(

P/⊥+ gA/⊥n,q′

)

}

n̄/

2
ξn,p

+
1

2g2
tr

{

[

iDµ + gAµ
n,q , iDν + gAν

n,q′

] 2
}

+ Lg.f.
c , (10)

where Lg.f.
c are gauge fixing terms, iDµ = i∂µ + gAµ

us, and

iDµ =
nµ

2
P̄ + Pµ

⊥ +
n̄µ

2
i n·D . (11)

Since usoft gluons act as background fields in the collinear gauge transformation the cou-
plings, g(µ), for both types of gluons must be identical.
Usoft and Soft sectors:

The usoft and soft Lagrangians for gluons and massless quarks are the same as those
in QCD. From Eq. (7) we see that collinear quarks and gluons interact with usoft gluons,
however at order λ0 only the n ·Aus component appears in Eq. (10). In order to prove
factorization formulae it is essential to disentangle the collinear and usoft modes. This can
be done by introducing an usoft Wilson line

Yn(x) = P exp

(

ig

∫ x

−∞

ds n·Aus(sn)

)

, (12)

where the subscript n on Yn labels the direction of the Wilson line (we emphasize that this is
different from the meaning of the subscript on Wn in Eq. (8)). An usoft gauge transformation
takes Yn → VusYn. In Ref. [12] it was shown that the field redefinitions

ξn,p = Yn ξ
(0)
n,p , Aµ

n,p = Yn A(0)µ
n,p Y †

n , (13)

imply Wn = YnW (0)
n Y †

n and decouple the usoft gluons from the collinear particles in the
leading order Lagrangian

Lc,n[ξn,p, A
µ
n,q, n·Aus] = Lc,n[ξ

(0)
n,p, A

(0)µ
n,q , 0] . (14)

Thus, the new collinear fields with superscript (0) no longer interact with usoft gluons or
transform under an usoft gauge transformation. Since the field redefinitions do not change
physical S matrix elements, the new fields give an equally valid parameterization of the
collinear modes. The leading SCET Lagrangian therefore factors into separate collinear
and usoft sectors. This alone does not guarantee factorization in operators and currents,
since after the field redefinition these operators may still contain both usoft and collinear
fields. However, the field redefinition makes factorization transparent since identities such as
Y †

n Yn = 1 may be applied directly to the operators. This will become clear in the examples
in sections III and IV.

The coupling of soft gluons to collinear particles differs from the usoft-collinear inter-
actions. Interactions of a soft gluon with a collinear particle results in a particle with
momentum p ∼ Q(λ, 1,λ), so soft gluons can not appear in the collinear Lagrangian. These
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FIG. 3: Final state jets in SCET for stable top-quarks with invariant mass ∼ m2. The invariant
mass is restricted and the top-decay products become explicit by matching onto HQET.

and for convenience we will adopt the short-hand notation J µ
i = ψ̄(x)Γµ

i ψ(x). The matching

relation of these QCD currents to SCET currents is given by the convolution formula [23]

J µ
i (0) =

∫

dω dω̄ C(ω, ω̄, µ)J (0)µ
i (ω, ω̄, µ) , (17)

where C contains short-distance dynamics at the scale Q, while J (0)µ
i describes fluctuations

at all longer distance scales. The SCET production current at leading order in λ is given by

J (0)µ
i (ω, ω̄, µ) = χ̄n,ω(0)Γµ

i χn̄,ω̄(0) , (18)

where χn,ω(0) = δ(ω − n̄ ·P)(W †
nξn)(0) and χn̄,ω̄(0) = δ(ω̄ − n ·P)(W †

n̄ξn̄)(0). Here the (0)

indicates that the fields are at coordinate xµ = 0, and we recall that this xµ dependence

carries information about the residual momenta at the scale Qλ2 = m2/Q. The dependence

on larger momenta is encoded in labels on the collinear fields [24], and, for example, δ(ω −
n̄ · P ) forces the total minus-label-momentum of (W †

nξn) to be ω. We also use the notation

χn = (W †
nξn) and χn̄ = (W †

n̄ξn̄).

One can decouple the soft and collinear modes in L(0)
qn by performing a field redefinition

on collinear fields [25]

ξn → Ynξn , Aµ
n → Yn Aµ

n Y †
n , (19)

where Yn is a soft Wilson line

Yn(x) = P exp
(

− ig

∫ ∞

0

ds n·As(ns+x)
)

. (20)

This gives

Y †
n (x) = P exp

(

ig

∫ ∞

0

ds n·As(ns+x)
)

, (21)

which satisfies Y †
nYn = 1. For two-jet production the factorization is most transparent [30]

with the reference point s0 = ∞ shown in Eq. (20). The gluon fields are either antipath-

ordered (for P) or path-ordered (for P). We use the same Wilson line for both the quark
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To construct the collinear Lagrangian one can match full QCD onto operators with
collinear fields that are invariant under usoft and collinear gauge transformations. The
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)
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2g2
tr

{

[
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n,q , iDν + gAν

n,q′

] 2
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ξn,p = Yn ξ
(0)
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n,p = Yn A(0)µ
n,p Y †

n , (13)

imply Wn = YnW (0)
n Y †

n and decouple the usoft gluons from the collinear particles in the
leading order Lagrangian

Lc,n[ξn,p, A
µ
n,q, n·Aus] = Lc,n[ξ

(0)
n,p, A

(0)µ
n,q , 0] . (14)

Thus, the new collinear fields with superscript (0) no longer interact with usoft gluons or
transform under an usoft gauge transformation. Since the field redefinitions do not change
physical S matrix elements, the new fields give an equally valid parameterization of the
collinear modes. The leading SCET Lagrangian therefore factors into separate collinear
and usoft sectors. This alone does not guarantee factorization in operators and currents,
since after the field redefinition these operators may still contain both usoft and collinear
fields. However, the field redefinition makes factorization transparent since identities such as
Y †

n Yn = 1 may be applied directly to the operators. This will become clear in the examples
in sections III and IV.

The coupling of soft gluons to collinear particles differs from the usoft-collinear inter-
actions. Interactions of a soft gluon with a collinear particle results in a particle with
momentum p ∼ Q(λ, 1,λ), so soft gluons can not appear in the collinear Lagrangian. These
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SCETI

Two collinear sectors in opposite direction      &      :nµ n̄µ

n · n̄ = 2n2 = n̄2 = 0

LSCET = Ln[⇠n, An] + Ln̄[⇠n̄, An̄] + Lus[ us, Aus]

Operators before usoft decoupling

Relations for operators with collinear gluon fields are also derived in Appendix A.
Note that we have not included ”Glauber gluons” with momenta pµ ∼ (λ2,λ2,λ), which

are kinematically allowed in t-channel Coulomb exchange between n and n̄ collinear quarks.
In determining the relevant degrees of freedom we have assumed that Glauber gluons are
not necessary to describe the infrared for the processes considered in this paper. Intuitively,
this can be seen from the fact these gluons are instantaneous in both time and longitudinal
separation, and only could contribute when the n and n̄ jets overlap for a duration of order
1/(Qλ2) in a space-time diagram. In processes with a hard interaction the overlap scale
is always much shorter than this (however this need not be the case in processes such as
forward scattering). For the Drell-Yan process more quantitative arguments can be found
in Refs. [2, 20].

At order λ0 it is not possible to construct a gauge invariant kinetic Lagrangian with
terms that involve both n and n̄ fields. Thus, the n and n̄ collinear modes are described
by independent Lagrangians (however n and n̄ modes may still both appear in an external
operator). The collinear sector of the SCET Lagrangian is therefore

Lc,n[ξn,p, A
µ
n,q, n·Aus] + Lc,n̄[ξn̄,p, A

µ
n̄,q, n̄·Aus] . (18)

Making the field redefinitions

ξn,p = Yn ξ
(0)
n,p , Aµ

n,p = YnA(0)µ
n,p Y †

n ,

ξn̄,p = Yn̄ ξ
(0)
n̄,p , Aµ

n̄,p = Yn̄A(0)µ
n̄,p Y †

n̄ , (19)

gives Wn = YnW
(0)
n Y †

n , Wn̄ = Yn̄W (0)
n̄ Y †

n̄ , and usoft degrees of freedom once again decouple
from the collinear modes since

Lc,n[ξn,p, A
µ
n,q, n·Aus]+Lc,n̄[ξn̄,p, A

µ
n̄,q, n̄·Aus]=Lc,n[ξ

(0)
n,p, A

(0)µ
n,q , 0]+Lc,n̄[ξ

(0)
n̄,p, A

(0)µ
n̄,q , 0]. (20)

Thus, usoft gluons are removed from the collinear Lagrangian at the expense of inducing Yn

and Yn̄ factors in operators with collinear fields. In certain cases the identities Y †
n Yn = 1 and

Y †
n̄ Yn̄ = 1 can be used in these operators to cancel usoft gluon interactions. Perturbatively

these cancellations would occur by adding an infinite set of Feynman diagrams.
To see in more detail how this works consider the simple example of the γ∗-production

of back-to-back collinear states Xn and Xn̄. The full theory current ψ̄(x)Γψ(x) matches
onto an effective theory operator Onn̄. Naively one might guess that the SCET operator
mediating this process is

Onn̄ = ξ̄n,p1
Γξn̄,p2

. (21)

However, this operator is not invariant under the collinear gauge transformations Un and
Un̄, so the process is instead mediated by the invariant operator

Onn̄ = ξ̄n,p1
Wn Γ W †

n̄ ξn̄,p2
. (22)

A hard matching coefficient C(P̄ , P̄†,P,P†) can be inserted in any location in the operator
that does not break apart the gauge invariant combinations of fields in Eq. (16). The
operators P̄ and P in the coefficient only pick out momenta that are order λ0 in the power
counting. Thus, P does not act on fields in the n direction and P̄ does not act on fields in
the n̄ direction, and the most general result is

Onn̄ = ξ̄n,p1
Wn Γ C(P̄†,P)W †

n̄ ξn̄,p2
. (23)

9

Onn̄ = ⇠̄n�⇠n̄

Onn̄ = ⇠̄nWn�C(n̄ · P†, n · P)W †
n̄⇠n̄

so that the label and residual momenta are individually conserved. (Although technically
the label momenta are discrete we abuse notation and use δ(p−p′) rather than δp,p′ because
it makes the subscripts easier to read.) For convenience we define the operator P̄ to pick
out only the order λ0 labels on collinear fields, and the operator Pµ to pick out only the
order λ labels. For the matrix element of any collinear operator O, momentum conservation
constrains the sum of field labels [11], giving

〈

Mn,p1

∣

∣

[

f(P̄)O
]
∣

∣Mn,p2

〉

= f(n̄·(p2−p1))
〈

Mn,p1

∣

∣O
∣

∣Mn,p2

〉

, (6)

for any function f .
For a single n the Lagrangian can be broken up into three sectors: collinear, usoft, and

soft. We therefore write

L = Lc,n[ξn,p, A
µ
n,q, A

µ
us] + Lus[qus, A

µ
us] + Ls[qs,p , Aµ

s,q] , (7)

where we have made the field content of each sector explicit. We will discuss each of these
terms separately.
Collinear sector:

As explained in detail in Ref. [12], gauge invariance in SCET restricts the Lagrangian
and allowed form of operators. Only local gauge transformations whose action is closed on
the effective theory fields need to be considered. These include collinear, soft, and usoft
transformations. Each of these vary over different distance scales, with collinear gauge
transformations satisfying ∂µUn(x) ∼ Q(λ2, 1,λ) Un(x), soft satisfying ∂µVs(x) ∼ Qλ Vs(x),
and usoft transformations with ∂µVus(x) ∼ Qλ2 Vus(x). All particles transform under Vus(x)
and usoft gluons act like background fields for collinear particles. Invariance under Un(x)
requires a collinear Wilson line built out of the order λ0 gluon fields [10, 11]

Wn(x) =

[

∑

perms
exp

(

−g
1

P̄
n̄·An,q(x)

)

]

. (8)

Here the operator P̄ acts only inside the square brackets, the n on Wn refers to the direction
of the collinear quanta, and Wn is local with respect to x (corresponding to the residual
momenta). Taking the Fourier transform of δ(ω − P̄)Wn(0) with respect to ω gives the
more familiar path-ordered Wilson line Wn(y,−∞) = P exp

[

ig
∫ y

−∞
ds n̄·An(sn̄)

]

. Under a
collinear gauge transformation Wn transforms as Wn → UnWn. An invariant under collinear
gauge transformations can therefore be formed by combining a collinear fermion ξn,p and
the Wilson line Wn in the form

W †
n(x) ξn,p(x) . (9)

This combination still transforms under an usoft gauge transformation, W †
n ξn,p →

Vus(x) W †
n ξn,p. We will often suppress the x dependence of the combination W †

n ξn,p.
Integrating out hard fluctuations gives Wilson coefficients in the effective theory that are

functions of the large n̄·pi collinear momenta, C(n̄·pi). However, collinear gauge invariance
restricts these coefficients to only depend on the linear combination of momenta picked
out by the order λ0 operator P̄ [11]. In general the Wilson coefficients are then functions
C(P̄, P̄†) which must be inserted between gauge invariant products of collinear fields. In
general the Wilson coefficients also depend on the large momentum scales in a process such
as Q and the renormalization scale µ.
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FIG. 3: Final state jets in SCET for stable top-quarks with invariant mass ∼ m2. The invariant
mass is restricted and the top-decay products become explicit by matching onto HQET.

and for convenience we will adopt the short-hand notation J µ
i = ψ̄(x)Γµ

i ψ(x). The matching

relation of these QCD currents to SCET currents is given by the convolution formula [23]

J µ
i (0) =

∫

dω dω̄ C(ω, ω̄, µ)J (0)µ
i (ω, ω̄, µ) , (17)

where C contains short-distance dynamics at the scale Q, while J (0)µ
i describes fluctuations

at all longer distance scales. The SCET production current at leading order in λ is given by

J (0)µ
i (ω, ω̄, µ) = χ̄n,ω(0)Γµ

i χn̄,ω̄(0) , (18)

where χn,ω(0) = δ(ω − n̄ ·P)(W †
nξn)(0) and χn̄,ω̄(0) = δ(ω̄ − n ·P)(W †

n̄ξn̄)(0). Here the (0)

indicates that the fields are at coordinate xµ = 0, and we recall that this xµ dependence

carries information about the residual momenta at the scale Qλ2 = m2/Q. The dependence

on larger momenta is encoded in labels on the collinear fields [24], and, for example, δ(ω −
n̄ · P ) forces the total minus-label-momentum of (W †

nξn) to be ω. We also use the notation

χn = (W †
nξn) and χn̄ = (W †

n̄ξn̄).

One can decouple the soft and collinear modes in L(0)
qn by performing a field redefinition

on collinear fields [25]

ξn → Ynξn , Aµ
n → Yn Aµ

n Y †
n , (19)

where Yn is a soft Wilson line

Yn(x) = P exp
(

− ig

∫ ∞

0

ds n·As(ns+x)
)

. (20)

This gives

Y †
n (x) = P exp

(

ig

∫ ∞

0

ds n·As(ns+x)
)

, (21)

which satisfies Y †
nYn = 1. For two-jet production the factorization is most transparent [30]

with the reference point s0 = ∞ shown in Eq. (20). The gluon fields are either antipath-

ordered (for P) or path-ordered (for P). We use the same Wilson line for both the quark
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The 800 lb gorilla: the Glauber region

Drell-Yan Meson-Meson scattering:MM ! `+`�X

FACTORIZATION OF THE DRELL-YAN CROSS SECTION IN. . . 2619

C. The factored farm

In order to demonstrate weak factorization, we must
show that the Drell-Yan cross section for meson-meson
scattering takes the form

trcentral~q/1 ~q/2 &
(2.6a)

where o.„„„,~, to be defined later, has connections only to
the actiue quark and antiquark lines, and Hq» and H /2

are the CSS meson structure functions. (The subscripts I

and 2 indicate meson I and meson 2.) Hq» and H /2

contain all the collinear contributions and all the spectator
interactions. This weak factorization form is illustrated
in Fig. 3.
The general scheme by which we organize the collinear

contributions into the factored form is as follows: for each
set of Feynman graphs 6'"' of nth order in the square of
the @CD coupling (g ), we construct a set of collinear
subtractions S ",such that

D. Ultraviolet regularization
of the structure functions

The structure functions and the subtractions from
which they arise of course contain ultraviolet divergences,
which must be regulated. (The usual UV counterterms
render the original graphs G finite. The counterterms for
the subtractions S are somewhat more complicated be-
cause of the dependence of S on the vector n. ) One can
think of the regularization as a cutoff on the range of in-
tegration of the lq's. Then, if p is the regulator scale, the
subtractions contain only those collinear contributions for
which Iz (p, which includes the divergence at Iz ——0.
A more elegant approach is to use a covariant regulator
scheme such as dimensional regularization. '

The regular scale p must be chosen so that

(n) (n) (n) (O) (O)=central q/1 q/2

(integrations over x,k implied) (2.6b)

Pl ((P (2.7)

—=S'n'+ - - +S'n' (2.6c)

(n) (n) (O) . (O) (n)=~q/t ~;/Z+ +~q/t ~;/2 ~r (2.6d)

It turns out that all the gluons that attach to the specta-
tors have momentum collinear to the corresponding
meson, so o.„„„,~ has connections only to the active quark
and antiquark. We shall see that cr«„„at takes the form

(n) (n) (n)
Ocentral =aqq —~qq (2.6e)

where o. is the nth-order contribution to the qq annihila-

tion cross section, and S'-"' is the corresponding set of col-
linear subtractions.

has only central contributions. Equation (2.6b) is the defi-
nition of o'ce„'„at. Then we use Ward identities to show
that

(n) (0) (n) . . . (n —& ) (1)=~central + + ' ' +ce tnr la+

in order to include all contributions involving spectators
in the structure functions. Condition (2.7) also ensures
that the evolution of the structure function with p is per-
turbatively calculable. p can be chosen to be identical to
the renormalization scale for the original graph G, but
this need not be the case. The dependence of the structure
functions on p is of course compensated, in the usual
renormalization-group way by the dependence of
trcentra]=G/(~q/t~q/2), so that the cross section is in-
dependent of tM.
Suppose that 6 and S have both been dimensionally re-

gulated (though not necessarily with the same regular
scale) in 4-e dimensions. Then the poles in e correspond-
ing to the collinear singularities (regulated by e &0) cancel
in 6-S. There remain poles corresponding to soft singu-
larities, which ultimately cancel in the'inclusive cross sec-
tion through the Block-Nordsieck mechanism, and UV
poles in 6 and S (regulated by e &0), which are canceled
by their UV counterterms (or dropped in the case of
minimal subtraction).

E. Factorization in one loop

lllllv'IIIIIIIIIIIIIII(()L
ENTRAL

) 3)l L(((IIIIIII!/III/
FIG. 3. Schematic representation of the factored form for a

contribution to the Drell- Yan cross section of arbitrary order.

In order to illustrate some of the basic techniques we

employ in proving factorization, let us demonstrate fac-
torization at the one-loop level. ' As always, we are con-
cerned only with the limit Q ~cc (leading twist). We be-
gin with a subset of graphs that involves only an active
quark and a meson.

(I } The active-spectator graph.

The graph involving exchange of a virtual gluon be-
tween the active quark and the spectator quark is shown
in Fig. 4. The various propagator denominators labeled in
Fig. 4 are given, to leading order in I' by

Factored form:

G. T. Bodwin Phys. Rev. D 31, 2616 (1985)



The Glauber region
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Problem at one loop Spectator-Spectator interaction:

integrated out of the effective theory, since they can not be on their mass-shell and cannot

appear as external particles in perturbation theory, leading to a potential between pairs of

collinear fields in opposite directions [46].

Having established the requirements of Glauber gluons in SCETG , we will study in some

more detail the relationship between pinched surfaces and the effective theory. Using a simple

graphical representation of the pinched surfaces one can easily understand the necessity of

Glauber gluons in the matching calculation under consideration. We then proceed to use this

analysis to derive what final states are necessary to require Glauber modes to give a non-zero

contribution.

The plan of the paper is as follows. In Section 2 we perform a one-loop matching calcu-

lation within SCET/G involving DY amplitude topologies and show that the effective theory

breaks down, while SCETG passes the consistency check. In Section 3 we perform the pinch

analysis of a diagram with pure spectator interactions and identify the right modes of an

effective theory for this process; then we discuss other processes where the Glauber mode

plays a role. Finally we conclude in Section 4.

2. An explicit matching calculation

, ,,

p + p̄ −p̄

q + q̄ q

p

−q̄

Figure 1: One-loop examples of ⟨q̄q|q̄Γq|0⟩ (left) and ⟨γ∗γ∗|q̄Γq|q̄q⟩ with active-active, spectator-
active, and spectator-spectator interactions.

In this Section we will consider the well-studied SCET current O2 = χ̄n̄Γχn. The Wilson

coefficient is usually calculated by an explicit calculation using partonic external states of free

back-to-back quarks with large energy

⟨q̄q|q̄Γq|0⟩ = C2⟨q̄q|O2|0⟩+ power corrections . (2.1)

where O2 is built of collinear gauge invariant fields χn = W †
nξn. The Wilson line Wn contains

n−collinear gluons and ξn is a two-component spinor describing an n−collinear quark field.

(For more details see e.g. Refs [20, 21, 22, 23, 47] and References therein). The relevant

Feynman diagram in the full theory is shown on the left of Fig. 1.

It is a well known consistency requirement of effective theories that the short distance

Wilson coefficient of any operators has to be independent of the long distance physics in the

process, and in particular it has to be independent of the external states chosen for the match-

ing calculation. Inspired by the fact that Glauber gluons are known to manifest themselves

through interactions with beam remnants, we intentionally choose more complicated external
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where O2 is built of collinear gauge invariant fields χn = W †
nξn. The Wilson line Wn contains

n−collinear gluons and ξn is a two-component spinor describing an n−collinear quark field.

(For more details see e.g. Refs [20, 21, 22, 23, 47] and References therein). The relevant

Feynman diagram in the full theory is shown on the left of Fig. 1.

It is a well known consistency requirement of effective theories that the short distance

Wilson coefficient of any operators has to be independent of the long distance physics in the

process, and in particular it has to be independent of the external states chosen for the match-

ing calculation. Inspired by the fact that Glauber gluons are known to manifest themselves

through interactions with beam remnants, we intentionally choose more complicated external
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For the remaining integrals we find

I(n)c
′

4 = I(n)c4 − (I(n)c
′

4 )0g ,

I(n)g4 = (I(n)c
′

4 )0g ,

Ig5 =
αs

4π

{

M+M−

p+p̄+(p+ p̄)2q−q̄−(q + q̄)2

[

2πi

ϵ
− 2π2 + 2π i ln

µ2

M+M−

]

+
2πiM+M−

p+p̄+(p + p̄)2(M−)2 − q−q̄−(q + q̄)2(M+)2

×

⎡

⎣(M−)2
ln (M−)3M+

q−q̄−(q+q̄)2

q−q̄−(q + q̄)2
− (M+)2

ln (M+)3M−

p+p̄+(p+p̄)2

p+p̄+(p + p̄)2

⎤

⎦

}

. (2.28)

The corresponding contributions to the Wilson coefficient C2 from different topologies

are equal to

I3 − Ic
′

3 − I c̄
′

3 − Ig3 − Is3 =
αs

4π

[

1

ϵ2
+

ln µ2

p+q̄− + iπ

ϵ
+

1

2
ln2

µ2

p+q̄−
+ iπ ln

µ2

p+q̄−
−

7

12
π2

]

,

p2
(

I4 − I(n)c
′

4 − I(n)g4 − I(n)s4

)

= 0,

p2q̄2 (I5 − Is5 − Ig5 ) = 0 . (2.29)

Thus, SCETG with the inclusion of Glauber gluons does reproduce the correct Wilson coeffi-

cient, which can be taken as a strong indication that it is the correct effective theory.

3. Pinch analysis and power counting

3.1 The spectator-spectator interaction in Drell-Yan

As we showed in the previous Section, the spectator-spectator contribution required a Glauber

gluon for the effective theory to reproduce the full theory result. In this Section we will

investigate the structure of this contribution in more detail in order to get more insight into

the required modes. The scalar integral contributing to the spectator-spectator diagram is

given by

I5 = (−i)

∫

d4l

(2π)4
1

l2 + i0

1

(l + p)2 + i0

1

(l − p̄)2 + i0

1

(l + q)2 + i0

1

(l − q̄)2 + i0
. (3.1)

Decomposing the loop momentum l into its light-cone components we arrive at the following

form, which is suitable for first integrating over the + component by contours and leaving

the ⊥ components as a final integration:

I5 = (−i)
1

2

∫

d2l⊥
(2π)2

∫

dl−

2π
N−(l−)

∫

dl+

2π

4
∏

i=0

1

l+ − zi(l−, l⊥)
, (3.2)
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Integral becomes pinched in the Glauber region 

D(k)
gluon

/ 1

k2?



The Glauber region

For an inclusive observable like               Glauber vanishes
d�

dq2dy

integrated out of the effective theory, since they can not be on their mass-shell and cannot

appear as external particles in perturbation theory, leading to a potential between pairs of

collinear fields in opposite directions [46].

Having established the requirements of Glauber gluons in SCETG , we will study in some

more detail the relationship between pinched surfaces and the effective theory. Using a simple

graphical representation of the pinched surfaces one can easily understand the necessity of

Glauber gluons in the matching calculation under consideration. We then proceed to use this

analysis to derive what final states are necessary to require Glauber modes to give a non-zero

contribution.

The plan of the paper is as follows. In Section 2 we perform a one-loop matching calcu-

lation within SCET/G involving DY amplitude topologies and show that the effective theory

breaks down, while SCETG passes the consistency check. In Section 3 we perform the pinch

analysis of a diagram with pure spectator interactions and identify the right modes of an

effective theory for this process; then we discuss other processes where the Glauber mode

plays a role. Finally we conclude in Section 4.

2. An explicit matching calculation
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Figure 1: One-loop examples of ⟨q̄q|q̄Γq|0⟩ (left) and ⟨γ∗γ∗|q̄Γq|q̄q⟩ with active-active, spectator-
active, and spectator-spectator interactions.

In this Section we will consider the well-studied SCET current O2 = χ̄n̄Γχn. The Wilson

coefficient is usually calculated by an explicit calculation using partonic external states of free

back-to-back quarks with large energy

⟨q̄q|q̄Γq|0⟩ = C2⟨q̄q|O2|0⟩+ power corrections . (2.1)

where O2 is built of collinear gauge invariant fields χn = W †
nξn. The Wilson line Wn contains

n−collinear gluons and ξn is a two-component spinor describing an n−collinear quark field.

(For more details see e.g. Refs [20, 21, 22, 23, 47] and References therein). The relevant

Feynman diagram in the full theory is shown on the left of Fig. 1.

It is a well known consistency requirement of effective theories that the short distance

Wilson coefficient of any operators has to be independent of the long distance physics in the

process, and in particular it has to be independent of the external states chosen for the match-

ing calculation. Inspired by the fact that Glauber gluons are known to manifest themselves

through interactions with beam remnants, we intentionally choose more complicated external
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integratedoutoftheeffectivetheory,sincetheycannotbeontheirmass-shellandcannot

appearasexternalparticlesinperturbationtheory,leadingtoapotentialbetweenpairsof

collinearfieldsinoppositedirections[46].

HavingestablishedtherequirementsofGlaubergluonsinSCETG,wewillstudyinsome

moredetailtherelationshipbetweenpinchedsurfacesandtheeffectivetheory.Usingasimple

graphicalrepresentationofthepinchedsurfacesonecaneasilyunderstandthenecessityof

Glaubergluonsinthematchingcalculationunderconsideration.Wethenproceedtousethis

analysistoderivewhatfinalstatesarenecessarytorequireGlaubermodestogiveanon-zero

contribution.

Theplanofthepaperisasfollows.InSection2weperformaone-loopmatchingcalcu-

lationwithinSCET/GinvolvingDYamplitudetopologiesandshowthattheeffectivetheory

breaksdown,whileSCETGpassestheconsistencycheck.InSection3weperformthepinch

analysisofadiagramwithpurespectatorinteractionsandidentifytherightmodesofan

effectivetheoryforthisprocess;thenwediscussotherprocesseswheretheGlaubermode

playsarole.FinallyweconcludeinSection4.

2.Anexplicitmatchingcalculation

,, ,

p+p̄−p̄

q+q̄q

p

−q̄

Figure1:One-loopexamplesof⟨q̄q|̄qΓq|0⟩(left)and⟨γ∗γ∗|̄qΓq|̄qq⟩withactive-active,spectator-
active,andspectator-spectatorinteractions.

InthisSectionwewillconsiderthewell-studiedSCETcurrentO2=χ̄n̄Γχn.TheWilson

coefficientisusuallycalculatedbyanexplicitcalculationusingpartonicexternalstatesoffree

back-to-backquarkswithlargeenergy

⟨q̄q|̄qΓq|0⟩=C2⟨q̄q|O2|0⟩+powercorrections.(2.1)

whereO2isbuiltofcollineargaugeinvariantfieldsχn=W†
nξn.TheWilsonlineWncontains

n−collineargluonsandξnisatwo-componentspinordescribingann−collinearquarkfield.

(Formoredetailsseee.g.Refs[20,21,22,23,47]andReferencestherein).Therelevant

FeynmandiagraminthefulltheoryisshownontheleftofFig.1.

Itisawellknownconsistencyrequirementofeffectivetheoriesthattheshortdistance

Wilsoncoefficientofanyoperatorshastobeindependentofthelongdistancephysicsinthe

process,andinparticularithastobeindependentoftheexternalstateschosenforthematch-

ingcalculation.InspiredbythefactthatGlaubergluonsareknowntomanifestthemselves

throughinteractionswithbeamremnants,weintentionallychoosemorecomplicatedexternal
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ing calculation. Inspired by the fact that Glauber gluons are known to manifest themselves

through interactions with beam remnants, we intentionally choose more complicated external
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The Glauber interaction in SCET

Original formulation of SCET did not include Glauber interactions

SCET is incomplete: validity of factorization from SCET?

Include Glauber interactions in SCET Lagrangian

k = p1 − p′1

(b)

k = p1 − p′1

(a)

p2

p1 p′1

p2

p′1

p′2 p′2

p1

FIG. 1: Leading order contribution to forward quark-quark scattering at high energy: (a) QCD

diagram, (b) SCET diagram (dashed lines indicate collinear quarks, and dotted lines Glauber
gluons).

of Ref. [29, 30]. The coefficient of the rapidity divergent term is called the gluon Regge
trajectory which is infrared (IR) divergent. We then go on to consider the real emission of
a soft gluon from the Glauber interaction and derive the Lipatov vertex. With these results
in hand we calculate the total cross section for the forward scattering of high energy quarks.
We find that at next-to-leading order in αs this expression also has a rapidity divergence.
Absorbing this rapidity divergence into a rapidity counter-term allows us to derive a rapidity
RGE which is the famous BFKL equation. This then demonstrates the emergence of Regge
behavior in SCET from Glauber interactions between collinear particles.

We use SCET to study the scattering of two high energy quarks moving in opposite
directions q(p1) + q(p2) → q(p′1) + q(p′2) with large invariant mass s = (p1 + p2)2 and small
momentum transfer t = (p1 − p′1)

2 ≪ s. We also restrict ourselves to perturbative values of
t, where t ≫ Λ ∼ 1GeV. At leading order in the SCET power counting such an interaction
can be described by the exchange of an off-shell gluon between the quarks, resulting in
a two-dimensional Coulomb like potential in transverse momentum. To see how such an
operator arises in SCET we start with QCD and match onto SCET degrees of freedom. The
QCD diagram is given in Fig. 1(a). For the sake of matching we can take all the quarks
to be massless and on-shell. In addition, the momentum p⃗1 defines the z-axis. Then, the
incoming momentum can be expressed in terms of two light-like vectors nµ = (1, 0, 0, 1) and
n̄µ = (1, 0, 0,−1):

pµ1 =

√
s

2
nµ pµ2 =

√
s

2
n̄µ . (1)

The outgoing momentum can be expressed in a Sudakov decomposed form as well:

p′µ1 =
1

2
(
√
s− n̄ · k)nµ − 1

2
n · k n̄µ − kµ

⊥ (2)

p′µ2 =
1

2
n̄ · k nµ +

1

2
(
√
s+ n · k) n̄µ + kµ

⊥ .
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integrated out of the effective theory, since they can not be on their mass-shell and cannot

appear as external particles in perturbation theory, leading to a potential between pairs of

collinear fields in opposite directions [46].

Having established the requirements of Glauber gluons in SCETG , we will study in some

more detail the relationship between pinched surfaces and the effective theory. Using a simple

graphical representation of the pinched surfaces one can easily understand the necessity of

Glauber gluons in the matching calculation under consideration. We then proceed to use this

analysis to derive what final states are necessary to require Glauber modes to give a non-zero

contribution.

The plan of the paper is as follows. In Section 2 we perform a one-loop matching calcu-

lation within SCET/G involving DY amplitude topologies and show that the effective theory

breaks down, while SCETG passes the consistency check. In Section 3 we perform the pinch

analysis of a diagram with pure spectator interactions and identify the right modes of an

effective theory for this process; then we discuss other processes where the Glauber mode

plays a role. Finally we conclude in Section 4.

2. An explicit matching calculation

, ,,

p + p̄ −p̄

q + q̄ q

p

−q̄

Figure 1: One-loop examples of ⟨q̄q|q̄Γq|0⟩ (left) and ⟨γ∗γ∗|q̄Γq|q̄q⟩ with active-active, spectator-
active, and spectator-spectator interactions.

In this Section we will consider the well-studied SCET current O2 = χ̄n̄Γχn. The Wilson

coefficient is usually calculated by an explicit calculation using partonic external states of free

back-to-back quarks with large energy

⟨q̄q|q̄Γq|0⟩ = C2⟨q̄q|O2|0⟩+ power corrections . (2.1)

where O2 is built of collinear gauge invariant fields χn = W †
nξn. The Wilson line Wn contains

n−collinear gluons and ξn is a two-component spinor describing an n−collinear quark field.

(For more details see e.g. Refs [20, 21, 22, 23, 47] and References therein). The relevant

Feynman diagram in the full theory is shown on the left of Fig. 1.

It is a well known consistency requirement of effective theories that the short distance

Wilson coefficient of any operators has to be independent of the long distance physics in the

process, and in particular it has to be independent of the external states chosen for the match-

ing calculation. Inspired by the fact that Glauber gluons are known to manifest themselves

through interactions with beam remnants, we intentionally choose more complicated external
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The Glauber interaction in SCET and the BFKL equation

Renormalization of the Glauber interaction Lnn̄
G

(a)

(b)

FIG. 3: One loop Feynman diagrams contributing to the renormalization of Onn̄
G . The double line

in the diagrams in (a) indicate soft gluon emission from a Wilson line. These diagrams have a
rapidity divergence which gives the gluon Regge trajectory. The diagrams in (b) have no rapidity
divergence, but have UV divergences. The first two diagrams involve soft gluons and soft quarks

(the soft-ghost loop diagram is not shown), and the UV divergence in these diagrams is cancelled
by a soft Lagrangian counter-term. The last diagram involves the exchange of a collinear gluon

(spring with a line) and the UV divergence is cancelled by a collinear Lagrangian counter-term.

integral above becomes
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where w(ν) is a bookkeeping parameter that has been introduced for convenience in deriving
the rapidity RGE, and will eventually will be set to one [29, 30]. For completeness we also
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The Glauber interaction in SCET and the BFKL equation

(a) (b)

FIG. 2: Leading order Feynman diagrams corresponding to operators that couple collinear and

soft degrees of freedom via Glauber exchange: (a) collinear quark coupling to a soft gluon, (b)
collinear quark coupling to a soft quark (solid line). Not shown is the collinear quark coupling to

a soft ghost.

shown) are time-ordered products of two of the operators that give the tree-level diagrams
in Fig. 2. They are UV divergent but do not have a rapidity divergence, and are needed
to give the correct RG for the Glauber gluon coupling constant. An explicit calculation of
these diagrams has not been carried out so far, and clearly would be an important check on
the formalism. The third diagram in (b) comes from a time ordered product of the collinear
Glauber operator with terms from the SCET Lagrangian that couple collinear gluons to
collinear quarks. This diagram also has a UV divergence, which is cancelled by the collinear
Lagrangian vertex counter-term. As this diagram involves only collinear degrees of freedom
moving in the same direction it is the same as the renormalization of the QCD quark-gluon
vertex [31].

The physics of interest is associated with the rapidity divergence, so we will focus on the
diagrams in Fig 3(a). The sum of these four diagrams gives

A = −8παs(µ) ξ̄nT
a /̄n

2
ξnξ̄n̄T

a/n

2
ξn̄

[
iNcαs(µ)I(k⃗⊥)

]
, (10)
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∫
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(2π)2

1

q⃗ 2
⊥

1

(q⃗ + k⃗)2⊥
. (11)

In obtaining the expression in Eq. (10) a symmetry factor of one-half needs to be included
as the first two diagrams in Fig 3(a) are identical to the second two diagrams. The integral
over q− results in a rapidity divergence, while the integral over q⊥, which in the literature
is called the gluon Regge trajectory, contains IR divergences. To evaluate this integral we
will need to introduce regulators for both types of divergences. Here we will regulate the
rapidity divergence using the methods developed in Ref. [29, 30], and use a gluon mass
(or dimensional regularization) to regulate IR divergences. With these modifications the
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Gluon Regge Trajectory

Expanding around η = 0 we can isolate the rapidity divergent term

σ =
2α2

sCF

Nc

∫
d2k⃗⊥

k⃗2
⊥

∫
d2k⃗⊥

k⃗′′2
⊥

{
δ(2)(k⃗⊥ − k⃗′

⊥) (21)

+

(
αsNc

π2

)
w(ν)2

η

∫
d2q⊥

(q⃗⊥ − k⃗⊥)2

[
δ(2)(q⃗⊥ − k⃗′

⊥)−
k⃗2
⊥

2q⃗ 2
⊥
δ(2)(k⃗⊥ − k⃗′

⊥)

]
+ . . .

}
,

where the dots represent NLO terms that are finite in the η → 0 limit. This result raises the
important question of how the rapidity divergence is subtracted. In SCET without Glauber
gluons collinear and soft degrees of freedom factor and observables can often be expressed
as convolutions of matrix elements of operators involving only collinear or soft degrees of
freedom. If the factorization of soft and collinear holds in the presence of Glauber gluons then
it may be that the above cross section can also be expressed as a convolution of the matrix
element of a soft operator with the matrix element of an n-collinear operator and the matrix
element of an n̄-collinear operator. In this case the counter-term for the soft operator would
cancel the rapidity divergence. Such a factorization is suggested by the standard treatment
in the literature [28], where the two-dimension Dirac delta function in transverse-momentum
space is interpreted as the BFKL Green function. The rapidity divergence is then canceled by
a counter-term for this Green function. However, factorization of the Glauber interaction in
SCET requires an all orders summation of soft gluons, which has not yet been accomplished.
A first step in this direction has recently been made in Ref. [32] where it is shown that in
a scalar theory with n-collinear modes, n̄-collinear modes, and Glauber modes an all orders
summation of ladder graphs gives the leading Regge behavior. We will leave the summation
of soft gluons for a future work, and motivated by the BFKL approach will for the time
being conjecture that the cross section factors. We renormalize the rapidity divergence by
identifying the two-dimension Dirac delta function in transverse-momentum space as the
leading order vacuum matrix element of a (currently unknown) operator, Osoft

G , involving
soft fields: G(k⃗⊥ − k⃗′

⊥) ≡ ⟨OG,soft⟩. Then

G(k⃗⊥ − k⃗′
⊥, ν) =

∫
d2ℓ⊥Z−1(k⃗⊥ − ℓ⃗⊥; η, ν)G(ℓ⃗⊥ − k⃗′

⊥; ν)
(0) (22)

=
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d2ℓ⊥Z−1(k⃗⊥ − ℓ⃗⊥; η, ν)δ

(2)(ℓ⃗⊥ − k⃗′
⊥)

= δ(2)(k⃗⊥ − k⃗′
⊥) + counterterms ,

where the superscript (0) indicates the matrix element of the bare operator. Inverting the
above equation leads to

δ(2)(k⃗⊥ − k⃗′
⊥) =

∫
d2ℓ⊥Z(k⃗⊥ − ℓ⃗⊥; η, ν)G(ℓ⃗⊥ − k⃗′

⊥; ν) . (23)

The rapidity divergence term in Eq. (21) is cancelled by setting
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(
αsNc

π2

)
w(ν)2

η

[
1

(k⃗⊥ − ℓ⃗⊥)2
(24)

−1

2
δ(2)(k⃗⊥ − ℓ⃗⊥)

∫
d2q⊥

(q⃗⊥ − k⃗⊥)2
k⃗2
⊥

q⃗ 2
⊥

]
.

9

I(~k?) =
�2i

(4⇡)2
w(⌫)2

~k2?


1

⌘
ln

✓~k2?
m2

g

◆
+ ln

✓~k2?
4⌫

◆
ln

✓~k2?
m2

g

◆

�1

4
ln2

✓~k2?
m2

g

◆
+ i⇡ ln

✓~k2?
m2

g

◆�

Introduce rapidity regulator

The counter term subtracts the     pole
1

⌘

J.-Y. Chiu, A. Jain, D. Neill, and I. Z. Rothstein, 

Phys. Rev. Lett. 108, 151601 (2012) & JHEP 1205, 084 (2012) 



d

d ln ⌫
Lnn̄
G (⌫) = �(⌫)Lnn̄

G (⌫)

The Glauber interaction in SCET and the BFKL equation

Renormalization of rapidity divergence gives rise to a rapidity RGE 
(R-RGE)

reggeized gluon

�(⌫) = �↵sNc

4⇡2
ln

✓
k2?
m2

g

◆
with

solving Lnn̄
G (⌫) = Lnn̄

G (⌫0)

✓
⌫

⌫0

◆�↵sNc
4⇡2 ln

�
k2
?

m2
g

�



The Glauber interaction in SCET and the BFKL equation

Real contributions

(a)

(b)

FIG. 4: Real emission of soft gluons from the n-n̄ Glauber interaction: (a) emission from the soft

Wilson lines, (b) emission from the Glauber gluon.

give an expression for I(k⃗⊥) regulating the IR divergences with dimensional regularization:

I(k⃗⊥) = −i(4πµ2)ϵ
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24

}
,

where µ̄2 = 4πµ2e−γ . The rapidity divergence corresponds to the term that diverges as
η → 0. This rapidity pole must be subtracted by a rapidity counter-term. However, as the
rapidity divergent term contains IR divergences a sensible rapidity RGE can not be derived.
This issue is fixed if we consider forward scattering and include real emission diagrams.

The emission of a real soft gluon can occur from any of the soft Wilson lines as shown
in Fig. 4(a) or from the exchanged Glauber gluon as shown in Fig. 4(b). The amplitude for
the sum of the four diagrams in Fig. 4(a) is

4∑

i=1

Ai
real = −2 g2
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Real contributions(a)

(b)

FIG. 4: Real emission of soft gluons from the n-n̄ Glauber interaction: (a) emission from the soft

Wilson lines, (b) emission from the Glauber gluon.
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4
ln2

(
k⃗2
⊥
µ̄2

)
− ln

(
k⃗2
⊥

4ν2

)
ln

(
k⃗2
⊥
µ̄2

)
− π2

24

}
,

where µ̄2 = 4πµ2e−γ . The rapidity divergence corresponds to the term that diverges as
η → 0. This rapidity pole must be subtracted by a rapidity counter-term. However, as the
rapidity divergent term contains IR divergences a sensible rapidity RGE can not be derived.
This issue is fixed if we consider forward scattering and include real emission diagrams.

The emission of a real soft gluon can occur from any of the soft Wilson lines as shown
in Fig. 4(a) or from the exchanged Glauber gluon as shown in Fig. 4(b). The amplitude for
the sum of the four diagrams in Fig. 4(a) is

4∑

i=1

Ai
real = −2 g2

1

k⃗2
⊥

1

k⃗
′2
⊥
ξ̄nT

a /̄n

2
ξnξ̄n̄T

b/n

2
ξn̄(−igfabc)

(
nα

n · k′ k⃗
2
⊥ +

n̄α

n̄ · k k⃗
′2
⊥

)
(14)

7

new operator in Lagrangian!

Lnn̄S
G

Add all real contributions we get the Lipton vertex
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and the amplitude for the diagram in Fig. 4(b) is

A5
real = −2 g2

1

k⃗2
⊥

1

k⃗
′2
⊥
ξ̄nT

a /̄n

2
ξnξ̄n̄T

b/n

2
ξn̄(igf

abc)

(
kα
⊥ + k

′α
⊥ − 1

2
n̄αn · k′ − 1

2
nαn̄ · k

)
, (15)

where the soft gluon momentum is qµ = kµ−k
′µ ≈ 1

2 n̄ ·kn
µ− 1

2n ·k
′n̄µ+(k⊥−k′

⊥)
µ. Adding

these up we arrive at the Lipatov vertex

A L = −2 g2
1

k⃗2
⊥

1

k⃗
′2
⊥
ξ̄nT

a /̄n

2
ξnξ̄n̄T

b/n

2
ξn̄ (16)

×(igfabc)

(
kα
⊥ + k

′α
⊥ − 1

2
n̄αn · k′ − 1

2
nαn̄ · k − nα

n · k′ k⃗
2
⊥ − n̄α

n̄ · k
k⃗

′2
⊥

)
.

This vertex is gauge invariant, as can be explicitly verified by contracting with the external
gluon momentum.

Now we have all the pieces needed to calculate the quark scattering cross section in the
forward region. Squaring the amplitude in Eq. (5) we obtain the tree level cross section

σLO =
2α2

sCF

Nc

∫
d2k⃗2

⊥

k⃗2
⊥

∫
d2k⃗

′2
⊥

k⃗
′2
⊥

δ(2)(k⃗⊥ − k⃗′
⊥) . (17)

The NLO virtual corrections give

σNLO
V =

2α2
sCF

Nc

∫
d2k⃗⊥

k⃗2
⊥

∫
d2k⃗′

⊥

k⃗
′2
⊥

δ(2)(k⃗⊥ − k⃗′
⊥) (18)

×
(
− αsNc

2π2

)
ν2ηw(ν)2

Γ(η)Γ
(
1
2 − η

)
√
π

∫
d2q⊥

k⃗2
⊥

q⃗ 2
⊥

1

[(q⃗⊥ − k⃗⊥)2]1+η
.

The NLO real corrections can be obtained by the standard method of squaring the amplitude
and summing over final states, or by taking the cut of the forward scattering graph in the
Glauber regime. In order to incorporate the rapidity regulator we use the latter method to
obtain

σNLO
R =

2α2
sCF

Nc

∫
d2k⃗⊥

k⃗2
⊥

∫
d2k⃗′

⊥

k⃗
′2
⊥

(19)

×
(
αsNc

π2

)
ν2ηw(ν)2

Γ(η)Γ
(
1
2 − η

)
√
π

∫
d2q⊥

δ(2)(q⃗⊥ − k⃗′
⊥)

[(q⃗⊥ − k⃗⊥)2]1+η
.

In order to ensure that there is no double counting in SCET the soft-Glauber overlap region
needs to be subtracted from the above results, however in this case the overlap region
vanishes. Adding these up we arrive at an expression for the forward scattering cross section
accurate to NLO

σ =
2α2

sCF

Nc

∫
d2k⃗⊥

k⃗2
⊥

∫
d2k⃗⊥

k⃗′′2
⊥

{
δ(2)(k⃗⊥ − k⃗′

⊥) +

(
αsNc

π2

)
Γ(η)Γ

(
1
2 − η

)
√
π

ν2ηw(ν)2 (20)

×
∫

d2q⊥

[(q⃗⊥ − k⃗⊥)2]1+η

[
δ(2)(q⃗⊥ − k⃗′

⊥)−
k⃗2
⊥

2q⃗ 2
⊥
δ(2)(k⃗⊥ − k⃗′

⊥)

]}
.
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The NLO expression determined from these diagrams is

Expanding around η = 0 we can isolate the rapidity divergent term

σ =
2α2

sCF

Nc

∫
d2k⃗⊥

k⃗2
⊥

∫
d2k⃗⊥

k⃗′′2
⊥

{
δ(2)(k⃗⊥ − k⃗′

⊥) (21)

+

(
αsNc

π2

)
w(ν)2

η

∫
d2q⊥

(q⃗⊥ − k⃗⊥)2

[
δ(2)(q⃗⊥ − k⃗′

⊥)−
k⃗2
⊥

2q⃗ 2
⊥
δ(2)(k⃗⊥ − k⃗′

⊥)

]
+ . . .

}
,

where the dots represent NLO terms that are finite in the η → 0 limit. This result raises the
important question of how the rapidity divergence is subtracted. In SCET without Glauber
gluons collinear and soft degrees of freedom factor and observables can often be expressed
as convolutions of matrix elements of operators involving only collinear or soft degrees of
freedom. If the factorization of soft and collinear holds in the presence of Glauber gluons then
it may be that the above cross section can also be expressed as a convolution of the matrix
element of a soft operator with the matrix element of an n-collinear operator and the matrix
element of an n̄-collinear operator. In this case the counter-term for the soft operator would
cancel the rapidity divergence. Such a factorization is suggested by the standard treatment
in the literature [28], where the two-dimension Dirac delta function in transverse-momentum
space is interpreted as the BFKL Green function. The rapidity divergence is then canceled by
a counter-term for this Green function. However, factorization of the Glauber interaction in
SCET requires an all orders summation of soft gluons, which has not yet been accomplished.
A first step in this direction has recently been made in Ref. [32] where it is shown that in
a scalar theory with n-collinear modes, n̄-collinear modes, and Glauber modes an all orders
summation of ladder graphs gives the leading Regge behavior. We will leave the summation
of soft gluons for a future work, and motivated by the BFKL approach will for the time
being conjecture that the cross section factors. We renormalize the rapidity divergence by
identifying the two-dimension Dirac delta function in transverse-momentum space as the
leading order vacuum matrix element of a (currently unknown) operator, Osoft

G , involving
soft fields: G(k⃗⊥ − k⃗′

⊥) ≡ ⟨OG,soft⟩. Then

G(k⃗⊥ − k⃗′
⊥, ν) =

∫
d2ℓ⊥Z−1(k⃗⊥ − ℓ⃗⊥; η, ν)G(ℓ⃗⊥ − k⃗′

⊥; ν)
(0) (22)

=

∫
d2ℓ⊥Z−1(k⃗⊥ − ℓ⃗⊥; η, ν)δ

(2)(ℓ⃗⊥ − k⃗′
⊥)

= δ(2)(k⃗⊥ − k⃗′
⊥) + counterterms ,

where the superscript (0) indicates the matrix element of the bare operator. Inverting the
above equation leads to

δ(2)(k⃗⊥ − k⃗′
⊥) =

∫
d2ℓ⊥Z(k⃗⊥ − ℓ⃗⊥; η, ν)G(ℓ⃗⊥ − k⃗′

⊥; ν) . (23)

The rapidity divergence term in Eq. (21) is cancelled by setting

Z(k⃗⊥ − ℓ⃗⊥; η, ν) = δ(2)(k⃗⊥ − ℓ⃗⊥)−
(
αsNc

π2

)
w(ν)2

η

[
1

(k⃗⊥ − ℓ⃗⊥)2
(24)

−1

2
δ(2)(k⃗⊥ − ℓ⃗⊥)

∫
d2q⊥

(q⃗⊥ − k⃗⊥)2
k⃗2
⊥

q⃗ 2
⊥

]
.

9

Isolating the rapidity divergent term:
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Assume the cross section factorizes into soft and collinear

� = Jn ⌦ Jn̄ ⌦G

G(~k? � ~k0?) ⌘ hOsoft

G iwhere

not known

Identify the two-dimension Dirac delta function in transverse-
momentum space as the leading order value of G:

Expanding around η = 0 we can isolate the rapidity divergent term

σ =
2α2

sCF

Nc

∫
d2k⃗⊥

k⃗2
⊥

∫
d2k⃗⊥

k⃗′′2
⊥

{
δ(2)(k⃗⊥ − k⃗′

⊥) (21)

+

(
αsNc

π2

)
w(ν)2

η

∫
d2q⊥

(q⃗⊥ − k⃗⊥)2

[
δ(2)(q⃗⊥ − k⃗′

⊥)−
k⃗2
⊥

2q⃗ 2
⊥
δ(2)(k⃗⊥ − k⃗′

⊥)

]
+ . . .

}
,

where the dots represent NLO terms that are finite in the η → 0 limit. This result raises the
important question of how the rapidity divergence is subtracted. In SCET without Glauber
gluons collinear and soft degrees of freedom factor and observables can often be expressed
as convolutions of matrix elements of operators involving only collinear or soft degrees of
freedom. If the factorization of soft and collinear holds in the presence of Glauber gluons then
it may be that the above cross section can also be expressed as a convolution of the matrix
element of a soft operator with the matrix element of an n-collinear operator and the matrix
element of an n̄-collinear operator. In this case the counter-term for the soft operator would
cancel the rapidity divergence. Such a factorization is suggested by the standard treatment
in the literature [28], where the two-dimension Dirac delta function in transverse-momentum
space is interpreted as the BFKL Green function. The rapidity divergence is then canceled by
a counter-term for this Green function. However, factorization of the Glauber interaction in
SCET requires an all orders summation of soft gluons, which has not yet been accomplished.
A first step in this direction has recently been made in Ref. [32] where it is shown that in
a scalar theory with n-collinear modes, n̄-collinear modes, and Glauber modes an all orders
summation of ladder graphs gives the leading Regge behavior. We will leave the summation
of soft gluons for a future work, and motivated by the BFKL approach will for the time
being conjecture that the cross section factors. We renormalize the rapidity divergence by
identifying the two-dimension Dirac delta function in transverse-momentum space as the
leading order vacuum matrix element of a (currently unknown) operator, Osoft

G , involving
soft fields: G(k⃗⊥ − k⃗′

⊥) ≡ ⟨OG,soft⟩. Then

G(k⃗⊥ − k⃗′
⊥, ν) =

∫
d2ℓ⊥Z−1(k⃗⊥ − ℓ⃗⊥; η, ν)G(ℓ⃗⊥ − k⃗′

⊥; ν)
(0) (22)

=

∫
d2ℓ⊥Z−1(k⃗⊥ − ℓ⃗⊥; η, ν)δ

(2)(ℓ⃗⊥ − k⃗′
⊥)

= δ(2)(k⃗⊥ − k⃗′
⊥) + counterterms ,

where the superscript (0) indicates the matrix element of the bare operator. Inverting the
above equation leads to

δ(2)(k⃗⊥ − k⃗′
⊥) =

∫
d2ℓ⊥Z(k⃗⊥ − ℓ⃗⊥; η, ν)G(ℓ⃗⊥ − k⃗′

⊥; ν) . (23)

The rapidity divergence term in Eq. (21) is cancelled by setting

Z(k⃗⊥ − ℓ⃗⊥; η, ν) = δ(2)(k⃗⊥ − ℓ⃗⊥)−
(
αsNc

π2

)
w(ν)2

η

[
1

(k⃗⊥ − ℓ⃗⊥)2
(24)

−1

2
δ(2)(k⃗⊥ − ℓ⃗⊥)

∫
d2q⊥

(q⃗⊥ − k⃗⊥)2
k⃗2
⊥

q⃗ 2
⊥

]
.

9
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Derive R-RGE for G

Inserting this expression into Eq. (23) we find

δ(2)(k⃗⊥ − k⃗′
⊥) = G(k⃗⊥ − k⃗′

⊥; ν)−
(
αsNc

π2

)
w(ν)2

η

[ ∫
d2q⊥

G(q⃗⊥ − k⃗′
⊥; ν)

(q⃗⊥ − k⃗⊥)2
(25)

−1

2
G(k⃗⊥ − k⃗′

⊥; ν)

∫
d2q⊥

(q⃗⊥ − k⃗⊥)2
k⃗2
⊥

q⃗ 2
⊥

]
,

which when used in Eq. (21) gives

σ =
2α2

sCF

Nc

∫
d2k⃗⊥

k⃗2
⊥

∫
d2k⃗

′
⊥

k⃗
′2
⊥

G(k⃗⊥ − k⃗′
⊥; ν) + . . . (26)

where the singular terms in η cancel and the dots indicate NLO terms that do not vanish
in the η → 0 limit. The dependence of G(k⃗⊥ − k⃗′

⊥; ν) on ν is given by the rapidity RGE

d

d ln ν
G(k⃗⊥ − k⃗′

⊥; ν) =

∫
d2ℓ⊥γν(k⃗

′
⊥ − ℓ⃗⊥)G(ℓ⃗⊥ − k⃗′

⊥; ν) , (27)

where the rapidity anomalous dimension is determined from

γν(k⃗⊥ − k⃗′
⊥) =

∫
d2ℓ⊥Z(ℓ⃗⊥,−k⃗′

⊥; η, ν)
−1 d

d ln ν
Z(k⃗⊥ − ℓ⃗⊥; η, ν) . (28)

Using
d

d ln ν
=

∂

∂ ln ν
− w(ν)2η

∂

∂w2
(29)

we find the leading-log (LL) rapidity anomalous dimension

γν(k⃗⊥ − k⃗′
⊥) =

(
αsNc

π2

)[
1

(k⃗⊥ − k⃗′
⊥)

2
− 1

2
δ(2)(k⃗⊥ − k⃗′

⊥)

∫
d2q⊥

(q⃗⊥ − k⃗⊥)2
k⃗2
⊥

q⃗ 2
⊥

]
, (30)

where we set w(ν) = 1. Using this LL expression in Eq. (27) gives

d

d ln ν
G(k⃗⊥ − k⃗′

⊥; ν) =

(
αsNc

π2

)∫
d2q⊥

(q⃗⊥ − k⃗⊥)2

[
G(q⃗⊥ − k⃗′

⊥; ν)−
k⃗2
⊥

2q⃗ 2
⊥
G(k⃗⊥ − k⃗′

⊥; ν)

]
. (31)

This is the BFKL equation [compare to Eq. (3.58) in Ref. [28]]. It can be solved by expanding
G(k⃗⊥ − k⃗′

⊥; ν) in eigenfunctions

G(k⃗⊥ − k⃗′
⊥; ν) =

∞∑

n=−∞

∫ a+i∞

a−i∞

dγ

2πi
Cn,γ(ν)|⃗k⊥|2(γ−1) |⃗k′

⊥|2(γ
∗−1)ein(φ−φ′) , (32)

running in rapidity from ln νi ∼ 0 to ln νf ∼ ln s, and then taking the inverse transform [28].
The last step can only be done approximately. For large ln νf one finds

G(k⃗⊥ − k⃗′
⊥; s) = (33)

1

2π2|⃗k⊥||⃗k′
⊥|

√
π2

14ζ(3)αs(µ)Ncs
Exp

[
4αs(µ)Nc

π
ln 2 ln s− π ln2(|⃗k⊥|/|⃗k′

⊥|
14ζ(3)αs(µ)Ncs

]
,
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Inserting this expression into Eq. (23) we find

δ(2)(k⃗⊥ − k⃗′
⊥) = G(k⃗⊥ − k⃗′

⊥; ν)−
(
αsNc

π2

)
w(ν)2

η

[ ∫
d2q⊥

G(q⃗⊥ − k⃗′
⊥; ν)

(q⃗⊥ − k⃗⊥)2
(25)

−1

2
G(k⃗⊥ − k⃗′

⊥; ν)

∫
d2q⊥

(q⃗⊥ − k⃗⊥)2
k⃗2
⊥

q⃗ 2
⊥

]
,

which when used in Eq. (21) gives

σ =
2α2

sCF

Nc

∫
d2k⃗⊥

k⃗2
⊥

∫
d2k⃗

′
⊥

k⃗
′2
⊥

G(k⃗⊥ − k⃗′
⊥; ν) + . . . (26)

where the singular terms in η cancel and the dots indicate NLO terms that do not vanish
in the η → 0 limit. The dependence of G(k⃗⊥ − k⃗′

⊥; ν) on ν is given by the rapidity RGE

d

d ln ν
G(k⃗⊥ − k⃗′

⊥; ν) =

∫
d2ℓ⊥γν(k⃗

′
⊥ − ℓ⃗⊥)G(ℓ⃗⊥ − k⃗′

⊥; ν) , (27)

where the rapidity anomalous dimension is determined from

γν(k⃗⊥ − k⃗′
⊥) =

∫
d2ℓ⊥Z(ℓ⃗⊥,−k⃗′

⊥; η, ν)
−1 d

d ln ν
Z(k⃗⊥ − ℓ⃗⊥; η, ν) . (28)

Using
d

d ln ν
=

∂

∂ ln ν
− w(ν)2η

∂

∂w2
(29)

we find the leading-log (LL) rapidity anomalous dimension

γν(k⃗⊥ − k⃗′
⊥) =

(
αsNc

π2

)[
1

(k⃗⊥ − k⃗′
⊥)

2
− 1

2
δ(2)(k⃗⊥ − k⃗′

⊥)

∫
d2q⊥

(q⃗⊥ − k⃗⊥)2
k⃗2
⊥

q⃗ 2
⊥

]
, (30)

where we set w(ν) = 1. Using this LL expression in Eq. (27) gives

d

d ln ν
G(k⃗⊥ − k⃗′

⊥; ν) =

(
αsNc

π2

)∫
d2q⊥

(q⃗⊥ − k⃗⊥)2

[
G(q⃗⊥ − k⃗′

⊥; ν)−
k⃗2
⊥

2q⃗ 2
⊥
G(k⃗⊥ − k⃗′

⊥; ν)

]
. (31)

This is the BFKL equation [compare to Eq. (3.58) in Ref. [28]]. It can be solved by expanding
G(k⃗⊥ − k⃗′

⊥; ν) in eigenfunctions

G(k⃗⊥ − k⃗′
⊥; ν) =

∞∑

n=−∞

∫ a+i∞

a−i∞

dγ

2πi
Cn,γ(ν)|⃗k⊥|2(γ−1) |⃗k′

⊥|2(γ
∗−1)ein(φ−φ′) , (32)

running in rapidity from ln νi ∼ 0 to ln νf ∼ ln s, and then taking the inverse transform [28].
The last step can only be done approximately. For large ln νf one finds

G(k⃗⊥ − k⃗′
⊥; s) = (33)

1

2π2|⃗k⊥||⃗k′
⊥|

√
π2

14ζ(3)αs(µ)Ncs
Exp

[
4αs(µ)Nc

π
ln 2 ln s− π ln2(|⃗k⊥|/|⃗k′

⊥|
14ζ(3)αs(µ)Ncs

]
,
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with

This is the BFKL equation



This calculation suggests that Glauber mediated Soft Gluons can be 
summed

… Lnn̄ summed
G =

⇠̄p0
2,n̄

Wn̄S
†
n̄T

a /n

2
Sn̄W

†
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1
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1,n
WnS

†
nT
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2
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†
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Outstanding Issues



Outstanding Issues

We also need to sum multiple Glauber exchanges with soft gluon 
attachments

++ + . . .

… … … ……

Can soft still be factored from collinear at the operator level?

If so in which observables? J. R. Gaunt JHEP 07 (2014) 110
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known to be equivalent if one computes distribution functions to leading order
in αsln(1/x)ln(Q2), where Q is some typical momentum for the correlation
function, Q ∼ kT . When the non-linearities are important, the non-linearities
of this equation cannot be ignored.

The situation is as shown in Fig. 24. In the linear region, one can choose

Color Glass Condensate

ln(1/x)

ln(Q^2)

BFKL

DGLAP

ln(ΛQCD)

Fig. 24. The various regions of evolution for structure functions in the ln(1/x)-
ln(Q2) plane.

to evolve using linear equations. In the ln(Q2) direction, the equation is
the DGLAP equation and in the ln(1/x) direction, it is the BFKL equation.
There is a boundary region in the ln(1/x)-ln(Q2) plane. Within this boundary
region, there is a high density of glue and the evolution becomes non-linear.
One always collides with this region if one decreases x and holds Q2 fixed or
decreases Q2 holding x fixed.

4.4 Some Limiting Solutions of the Renormalization Group

Equations

In the small kT region, we expect that correlation functions such as
< V (x)V †(y) > are very small, since we are probing the theory at distance
scales long compared to natural correlation lengths. In this limit, one might
be able to ignore the non-linearities in the renormalization group equations.
Using that xi/x2 = ∇i/∇2, we have then

∫

d2xT J2(xT ) ∼
∫

d2zd2z′ < z |
1

−∇2
T

| z′ >
δ

δα(y, z)

δ

δα(y, z′)
(109)

The solution for Eqn. 94 is

F =
κ

2αs

∫

dyd2xT∇i
T α(y, xT )∇i

T α(y, xT ) (110)

How does SCET connect to the CGC?
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