Nuclear Physics & RIKEN Theory Seminar, Nov 7, 2014@BNL

Derivation of the Hydrodynamic Equation
from the Quantum Transport Equation

YUTA KIKUCHI (Department of Physics, Kyoto University )

collaborators

KYOSUKE TSUMURA (Analysis Technology Center, Fujifilm Corporation)
TEIJI KUNIHIRO (Department of Physics, Kyoto University )



Nuclear Physics & RIKEN Theory Seminar, Nov 7, 2014@BNL
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We are interested in the hydrodynamic analyses of
the following two similar phenomena:

Quark-Gluon Plasma Unitary Fermi Gas
Relativistic hydrodynamics is useful. Expanding gas behaves hydrodynamically.
B

Second-Order (Mesoscopic) gx ="
Hydrodynamic Equation is
Needed!!
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Relativistic hydrodynamic equation A = g by
V=A%, % = ",
Oth order AHVPT _ % (AupAuo + AHTAVP _ %AI“/Apa)

0, I"" =0, T =eutu” — PAM

8MNM:O, Nu:n’u,“
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Relativistic hydrodynamic equation A = g by
V=A%, % = u"d,
Oth order —— Tst order AHVPT — % (A"”A"" + AHTAVP §A’“’AP")

8MT/”W =0, TH" =ceutu” — PA*Y -TIAM 4 7l II : bulk pressure
n’T 1MV : stress tensor
0,N* =0, NF = nu g
L : N nu’ + s+ P Q QM :heat flow

II =—-(V , u”

1
QF =TA (V“ InT" — . PV“P>

T = AP yu,

Acausal (Diffusion) eq.
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Relativistic hydrodynamic equation A = g by
V, =A%, % _—y
Oth order —— 1st order — 2nd order APVPT % (A"”A"" + AFTAVP %A’“’A”")
8MT/”W =0, TH" =ceutu” — PA*Y -TIAM 4 7l II : bulk pressure
o B nT , 1MV : stress tensor
3uN =0, NHF=nut+ (5 n P) Q' QM heat flow
I1 Vv, ut 0 IT + (other t )
— — T — other terms
CV Hor
#—TA(V,InT — ——V,P v 9 T
Q" = pInT = ——= V. P |- A EQV + (other terms)
.
" = 2nAHYPIN pua—TWA‘“"’UEng + (other terms)

Acausal (Diffusion) eq. * Causal (Wave) eq.
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Moment method
Relativistic Boltzmann equation
PO fp() = Clf]p() > 5CUl@) =0, 3 —5pClfly(a) =0

p p

Moment equations

8‘,N“'(:v) = ap [Z I%p“fp(w)] =0
’ ] Balance equation
=0

0, TH (z) = Oy [Z Z%p“p"fp(x)
p

fole) = £530) 01+, 7))

s AmbigUOUS

1

3;, [Z p.LopPpul . .szfp(x)] = Z p__opul . .pWC[f]p(.’L‘)
p p

5@,,(:1:) o a(:z:) + b# (.’I:)p“ + Cpy (.’E)p“pu Israel and Stewart (1979)

Theoretical foundation is heeded!
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Renormalization group method is used to derive an infrared
effective dynamics of underlying microscopic theories.

~

fo(T;70) - perturbative solution

~

fo(rsmo) 1 fp(mimg)

~

. ) e Py ) / Chen, Goldenfeld, and Oono (1994)
basic concept  fp(T:70) = fo(T570)  wuninro 6o
- - Boyanovski, et.al. (1999)
- (condition for constructing envelope =RG eq) " 0 L
Taking the limit 7, — 7o
. This RG eq. describes
dfp (7-7 TO) 9

=0 the slow dynamics!!
—1} Coarse-graining condition

dT()
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Ex. Van der Pol equation

i+x=e(l—2)

Z(t;to) --- local solution
x(t) --- global solution 7 (t; to)

B Y/
B(t;ty) Tl

Local solution Is represented as perturbation series
Z(t;t0) = Zo(t;to) + €21 (t; o) + € F2(t;to) + -+

Initial value Is taken as the exact solution

T(to;to) = x(to)
= To(to;to) + €1 (tosto) + € Ta(to;to) + - - -
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2
Oth order equation (% + 1) o =0

Oth order solution  Z(t;tg) = A(to) cos(t + 6(tg)) with Z(to;tg) = A(to) cos(to + 0(tg))

A(to) and 6(tp) are integration constants.

. q2 A? A?
1st order equation (@ + 1) T1=—-A (1 - T) sin(t + 0(tg)) + 1 sin 3(t + 0(to))

. 3 A A%\ . A3
st order solution  #(t:tg) = (t — to)g 1 — e sin(t 4+ 0(tg)) — 55 Sin 3(t+ 6(to))

secular divergence

Solve the renormalization group equation to
obtain the global solution

Equations for slow variables

Z(
The global solution

wu(t) = F(t:to = 1) = A(t) cos §(t) — D

32

sin 3¢(t)
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The solution of Van der Pol equation  i@+z=¢(1-2%i

hori ] axis
/ orizonta ax.ls, L limit cycle cf. Van der Pol oscilla’m

vertical axis : x

e=0.1 : / \ I

3 T

R

Perturbative solution G-improved solution Numerical solution
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Kadanoff-Baym ea.

(Q% + m? + 25(:13)) G<(z,y) = —/ d*z [ER(CI}, 2)GS(z,y) + X5(x,2)G Az, y)]

— 00

self energy Green’s function
* Derivative expansion

Boltzmann ea.

1
(k- 0:)G= + 5 (04%°) 05G< = — (G"E< + 7 G)
* Quasi-particle approximation : G<(k,z) x 6(k* — m?) fx(x)

Proufp(z) = Clflp(x)
Clflp(x) = > wp.pr:p2.p3) oo (L + afp,) 1+ afp,) — (14 afp)(L+ afp,) fpo fps)

P1,P2,pP3 .
a = +1: boson, —1: fermion

' Perturbative calculation w.r.t Knudsen number and

renormalization-group resummation
Tsumura, Kunihiro, and Ohnishi (2007) : 1st order in classical case

Hyd rodyn amic eq : Tsumura and Kunihiro (2012) : 2nd order in classical case
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Derivation of the first-order hydrodynamics

.. . . Hatta and Kunihiro (2002)
Relativistic Boltzmann equation Kunihiro and Tsumura (2006)

Tsumura, Kunihiro, and Ohnishi (2007)
P Oufp(z) = Clflp(z)

Clflp(z) = Z w(p, p1;p2: P3)[fpSp (L + afp, ) (1 + afp,) — (1 + afp)(L + afp,) fps fps]

P1,P2,P3

W > Ol =0, Y 5 Clily(a) =0

p

~Balance equation ———————v

0N (@)= 0, |3 50" @) | = 32 ~5Clflyfa) =0

9,7 ()

A ]%p“p”fp(w) =S Lol @) =0

L P - p
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L 5P >y .
Relativistic Boltzmann eq. , p p
5. = utd,, V" =(g" —u'u”)o, = A0,
-

pHOufp(z) = Clf]p(x)

ut : flow velocity

€ : measure of the inhomogeneity of fluid ,, '"

Solve the relativistic Boltzmann eq. perturbatively

Initial condition : fo(T = 70;70) = fo(70)
Perturbative solution: f,(r;70) = £ (1;70) + efS" (7570) + € £2 (T570) + -+

solution space

Qo

B s

Qo-space /

fast modes

slow modes
corresponding to
conserved quantities
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Oth-order eq. Oth-order solution
0 - 1 .
Ef;go)('r; T0) = mC’[f(O)]p(r;To) - £ (r,70) = () =

Interested in the slow dynamics

1
eB(ro){p-u(ro)—u(r0)} — ¢4




Yuta Kikuchi (Kyoto U) 3. Derivation of Hydrodynamic Equation

Oth-order eq. Oth-order solution

Jd 1 .
Ef;go)(’ﬁ 7'0) = nC[f(O)]p(T, T()) * f}SO) (1,70) = f;q(To) —

Interested in the slow dynamics

1
eB(ro){p-u(ro)—u(r0)} — ¢4

0 -~ ~ o (1
Istorder eq. 2 f£(1) — 4 #(1) A, = ( c ) S S
q 87‘f = Af RE F Pq af, \p-u [f]p e Fy p_.up Vi
O -~ ~
2nd order eaq. Ef(z) —AF® 4 (1 —7)2G + (r—1)H + 1
Gp =Y Bpgr[PoFlg[PoF), P, —
q.r ' i ‘ . ‘ ' i ‘ 0 + QO ]'
Hy =" By ([PF)4[A7'QoF), + A lQ(,f]q[H,f]r)-p_"p.v[n.z-],, QO fast modes

1

p-u

q.r
1= Y Byor[A7'QuF)g[A™' QoF), — —p - V[A7'QuF),
q.r

d? 1.
Boar = fq0f; (p ¢ m”)

fufos slow modes

5 zero-mode of A:

p“ ---energy and momenta
m ---particle (mass) current
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Oth-order eq. Oth-order solution
0 ~ 1 <
Ef;go)(ﬁ T0) = mc[f(o)]p(ﬁ‘fo) w2 (7,70) = f4(n0) =

Interested in the slow dynamics

1
eB(ro){p-u(ro)—pu(r0)} — g

0 1 ~(1 9 (1 1 cq
Istordereq. —f(l) = Af1) 4 = 7, (57| B =
O - -
2nd order eq Ef(z) _ Af(2) +(r— 70)2G+ (1 — 70)H + 1
G, =Zu,, [PoF)q[PoF), PO o= QO — 1
H, = ZBII ([PoFglA™'QuF), + [A'QoF]y[PoF),) — "y l P VIPF], QO fast modes

1

ZBH [AT1QuF),[A™ Qo F], — l"v[A_IQU”P

d? 1.
()f,()f (p uC[f]”)

Perturbative solution up to 2nd order

slow modes

5 zero-mode of A:

N pt ---energy and momenta
f(r)=f9+e((r—10)PF — A~'QoF) m ---particle (mass) current

1 . 1 .-
+ € (5(7 — 70)°PoG + 5(7 - 70)° (PoH — 2A7'Q0G)
secular divergences

+ (7 —70) (Pol —2A72Q0G — A7 'QoH) — 2A7°QoG — A™*QoH — A—1Q01>
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Write down the renormalization group equation

dfp(7-§ 70)
dro | _. This equation corresponds to
the hydrodynamlc eq I

Projecting on Pp-space

1 e
0N =0, Nﬂ:zp Lym (- 147 QoF),)
vV v ]‘ v c -
9, T"" =0, T = E FPNP {qu—[A "QoF ],

Solution space
(Qo-space

QO — fast modes

Pﬂ # slow modes
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Extension to second order eq.

Solution space

— fast modes Qo-space

Qo

% slow modes

Include the quasi-slow dynamics besides the slowest dynamics

“Doublet scheme”; Tsumura and Kunihiro (2013)

Enable us to describe the relaxation

* of dissipative currents:

Second order equation
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Extension to second order eq.

Solution space

()1 — fast modes

Qo
P; — quasi-slow modes

ﬁ i— slow modes

Include the quasi-slow dynamics besides the slowest dynamics

“Doublet scheme”; Tsumura and Kunihiro (2013)

Enable us to describe the relaxation

* of dissipative currents:

Second order equation
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Second order hydrodynamic eq. (single-component)

D o 0 100 111 1 U ———
0" =0, T =cutu? — (P — T)AM 4 g 1L - bulk pressure '}
T ) THY . stress tensor

e+ P Q" Q" : heat flow

0, N* =0, N“:mnu“+m<

II = -V, u" —m (921_1 + (other terms) '
T
1

=T\ InT —
Q) (Vun P

VMP> — TQA“”@QQV + (other terms)
T

0
T = 2nAPYPOV jue — T APYP? —m,, + (other terms)

with the microscopic expressions :

A

¢ = % /0 " ds (O)1(s)) A= _3_;2 OOO 45 {(Q"(0)Qu(s)) = mLT ds (7 (0), (5))

Jy s (O)TIGs) Jy™ dss (@ (0)Qu(s)) _ Jo dss G (0) i (5)
" ma(ione) (@) J5° ds (@ (0) i (5))

I1(s) = eI, L: Linearized collision operator
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Eqg. of relaxation
IT = —CV-u—mil'I
or

— s AV, J,

-+ (K.nn V- u) I1

+ (wft) A% T Vo(1/T) + {7 A %ua) J,
+ (Kl'hr Aabpa Vaub) Tpo s

A o

JH = V"%—TJA‘“’—JQ

Q2 ar Vorticity: " =2 (V¥u" — Vu¥)

DO |

— Ly VPIL — £y APV o7y

1 a 2 . 0
+ (k5% A% T 9,(1/T) + K A a—Tua) 1

+ (nf,o} AP Y -y + k) AR Gy, + kTR P)) J,
+ (nglﬂ), Auapa TVQ(I/T) + n‘(]:;), Auapa %ua) 7rpo”

T = 2 AR gup — T ARV gm
T

- e-;rJ A”uab Van
(oo A9 T
0

+ (nf,‘} ARaP T, (1/T) + k) A#var Eua) J,

+ (5Q A2 7wt £ A A Ao T + £ A9 A w0r) T
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Comparison with the other formalisms

RG : Renormalization group method, Linearized collision opera*ior-

CE : Chapmen-Enskog method, Lpq = fp07 (1 +afp9)™! (p - ach[f]p

IS : Moment method. Quantum statistical effect
W. Israel and J. M. Stewart (1979)

) f9(01 + afs%)
f=fe

Inner product:

1
CXVEDSY 5P WA+ afyVépty

p

1 st-order coefficients

- 2nd- order COETFICIENTS e,

~RG _ <A #, 7rl“/> _ fooo dss <7Ariw(0)a7}uu(3)>
T <7rP0 - 17Tpo'> fOOO ds <,ﬁ.p0’(0),,ﬁ.p0(s)>

1 74
{ ¢ IS __ (W“ aﬂ'ul/> i i i
L T — This expression is

PO "
(727, Lmoo) - QiR R LBl

RG is consistent with Kubo-formulal!
Jeon (1995), Jeon and Yaffe (1996), p
Hidaka and Kunihiro (2011)

= AP p,, 7Y =7V /(p-u)

p
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Extension to reactive multi-component systems

SetUE ) Prakash, Prakash, Venugopalan, and Welke (1993)
Monnai and Hirano (2010)

Number of components : N
Number of conserved currents : M

q;if -+ charge of k-th component associated with a-th current
(In case of elastic collisions: qr = Mk0k )

-~ Collision DIOCESS mrmmmermmasmmcsmrm et mest o macori e st s

| K
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Extension to reactive multi-component systems

EQ. Of CONTINUITY et msrsrarrresmese—
0, T =0, ™ =eufu” — (P —II)A™ + 7 .

0, NI =0, NE = qunku”

| Il = —CV, u" —m 5%1_1 + (other terms) = f / ,
N ¢in N—1, 4 a i)?
Q) = (Zk:l le—;T)‘ — 21:11(% — qN)TLIlmlnT - Q;JFLPVMP) ,

_TQQAW%QV — ZQZ: TOI,, A“’/%Im,y + (other terms)

N gin N—-1, 4 a M
Iﬁf,; — (Zk:l Z’l—kaLQIz — Zmzl(QZ _ QN)TLIzIm) TZb:l (qu _ q?\;) Vu%

—TIZQA“VQQV — Zﬁ;} TII,, A“’/a%[n,,, + (other terms)

T = 2 AWPI gy — 7 AWPUa_WpU + (other terms)
T
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~ © We have derived relativistic second-order hydrodynamic equation
In reactive multi-component system.

- No ansatz is imposed in renormalization group method!!

- New microscopic expressions for 2nd-order transport coefficients
\. have been obtained.

- Reduce the chiral kinetic theory into hydrodynamics (chiral magnetic
effect, chiral vortical effect, --).

- Include force terms (Lorentz force, mean field, --+) in the Boltzmann eq.

- Derive hydrodynamic eq. from Kadanoff-Baym eq. directly.

- Include the higher loop and the off-shell effect.

- Apply the obtained eq. to phenomena (QGP, cold atom, ---).



