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The Motivation

@ QCD phase diagram calculations
from first principals are important
for Heavy lon Phenomenology

(and Cosmology and Astrophysics)

@ Improving the accuracy on Tc (as a
function of quark mass and

chemical potential) is mandatory to
make contact to HIC phenomenology

» Do we have a window of a strongly
interacting hadron gas in the phase
diagram ?

» How large is the size of the critical
region?
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The Lattice Setup

3
Analyzing hot and dens matter on the lattice: N_ XN

Y \:\\;\\

}"'x/} /J/ I// /

1/T=N_a

<—— VB oNgg —m>

Quantum Chromo Dynamics

partition function: Z(V', T, ) /DADTL‘DTL' e SE

1/T j
Sp = / dz, / &z LA, b, B, 1)
0 A"

temperature  volume chemical potential Phys. Rev. D21 (1980) 2308

1O6grid points, 108d.o.f., ==) integrate eq. of motion



The Lattice Setup ‘@{

The p4-Action (fermionic part): an improved staggered fermion action

# Remove cutoff-effects and improve rotation symmetry by adding
irrelevant operators
@ Improve flavor symmetry by smearing the one link term
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[Karsch, Heller, Sturm (1999)]



The Lattice Setup

The p4-Action (gluonic part): Symanzik improvement scheme

@ Remove cut-off effects of order O(a’)
(tree-level improvement O(g"))

—ll—éﬂ%Tr[ i:j + ﬁ
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[Weisz, Wohlert (1984)]



The Lattice Setup

4

Properties of the p4-Action: the rotational symmetry

@ The free quark propagator is rotational invariant up to order o(p*)
@ Rotational symmetry of the heavy quark potential improved

Dispersions relation:
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[Karsch, HeIIer,.Sturm (1999)]




The Lattice Setup

Properties of the p4-Action: the rotational symmetry

@ The free quark propagator is rotational invariant up to order o(p*)
@ Rotational symmetry of the heavy quark potential improved

Dispersions relation:
4 T T T

/ T
35
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RBC-Bielefeld s
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[Karsch, HeIIer,.Sturm (1999)]



The Lattice Setup

Properties of the p4-Action: the cut-off effects

@ Bulk thermodynamic quantities (pressure, energy density, ...)
show drastically reduced cut-off effects

Continuum limit of the pressure for the free lattice gas:
1
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The Lattice Setup

i

The final goal:

# Almost realistic quark mass spectrum

(2+1 flavor, Pion mass ~ 200 MeV, Kaon mass ~500 MeV)
@ Exploring the continuum limit

(@a~01fm-02fm - N_=4,6,8)
# Analyzing the thermodynamic limit

(V~500fm3 —» N_=38, 16,32 )

The current status:

a 3-flavor QCD

(masses: m, /m, > 0.2 )

(lattices: N_,=8,16,32; N_=4,6)
a (2+1)-flavor QCD

(masses: am > 0.05 am )

(lattices: N_=18,16; N_=4,6)
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The nature of the QCD transition (¢=0)
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The critical temperature of QCD ---
order Parameters and susceptibilities

(2+1)-flavor, 83x4 and 163x4 lattices

Strange- and light-quark
chiral condensate:

an : : :
Mmg=0.05m; e
m=010m; =
25 | - mq=U.2IIJ m, e
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N
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Strange- and light-quark
chiral susceptibility:

120 | m=0.05m_ e
110 F r'r'|q=IIII.1IIZIr'n.5 o
100 F P m=020m; e
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80 | i
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10 b
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@ Transition becomes stronger for smaller light quark masses.

@ Critical couplings are determined by peak positions of the susceptibilities.

@ All susceptibilities peak at the same critical coupling.
@ We see no significant volume dependence mp crossover

+ We use a multi-histogram analysis method (Ferrenberg-Swendson)
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The critical temperature of QCD ---
order Parameters and susceptibilities

(2+1)-flavor

83x4 and 163x4 163x6 and 323x6
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@ Transition becomes stronger for smaller light quark masses.

@ Critical couplings are determined by peak positions of the susceptibilities.
@ All susceptibilities peak at the same coupling.

@ We see no significant volume dependence mp crossover

+ We use a multi-histogram analysis method (Ferrenberg-Swendson) 13



The critical temperature of QCD ---

order Parameters and susceptibilities
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(2+1)-flavor, 83x4 and 163x4 lattices

Polyakov Loop:

3.42

Polyakov Loop Susceptibility:
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@ Transition becomes stronger for larger light quark masses.
@ Critical couplings are determined by peak positions of the susceptibilities.

@ Critical couplings from chiral and Polyakov Loop susceptibilities coincide.

+ We use a multi-histogram analysis method (Ferrenberg-Swendson)

3.42
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The critical temperature of QCD ---

determination of the crossover point

First Step:

@ Determination of the critical
couplings from peak positions
of the chiral susceptibilities

@ Fits have been performed
with power laws

@ We find mass a moderate
mass dependence of the
beta-separation:

AB~0.14-0.18

3-favor and (2+1)-flavor results

N.=4;N.=6

Critical couplings:
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;'} ' 3-flavar, N=4 o
T NeB —a
32 L 'l 'l rT1q 1 1 1
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The critical temperature of QCD ---
the static quark potential

Static Quark Potential: (2+1)-flavor results

2 T T T ! T T T Y Y T
Second Step: V(rlr)r, —ptas R
: : [ N=2+1
@ Scale determination at each
critical coupling LT T=0-
» We use the Sommer scale: r _ 163x.32 T
and the string tension: o
oV Bt
r?— =1.65 ' ® Nt=6, m=0.1m,
or \r=r, = Nt=6, m_~0.2m,
A Nt=4, m_=0.4m,
I © Nt=4, m_=0.1m_
i 4 o Nt=4, m.=0.2m,
ro ~ 0.5 ﬁ’l’t i A Nt=4, r‘r‘|q=lil.4r'r‘|==
o ~ 425 MeV : of rir, FinplTo
i PR SR ST M T R S S TR TR S | Do At S R— ] - |
0.0 0.5 1.0 15 2.0

@ AImost no mass or cut-off dependence in the scaled static quark potential
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The critical temperature of QCD ---
combined chiral and continuum extrapolation

i

The critical Temperature:

(2+1)-flavor versus 3-flavor results

054 |

T. 1o .
052 |
0.46 ,
0.44 Nz=4 (squares, triangles)
E 6 (circles)

Mps o

0.40 . I I
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T .r,(chiral)=0.444(6)
T r,( phys.)=0.457(7)

extrapolation Ansatz:

TC r0: <r0TC <,n::())cont
3-flavor:
(2+1)-flavor:

e
T
e
T

m=0.00, d=0.64 (Z(2))
m’=0.16, d=0.54 (0(4))

054 |

0.52

0.50 |
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TeTo
R
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6 (circles)
| Mes o,
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T.r,(r,m;)=0.429(8)

+ Similar cut-off effects for
(2+1)-flavor and 3-flavor

+a((romn)z—(rﬂme)z)d+c/Nf

» Flavor dependence is
about 5% or less.
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The equation of state for (2+1)-flavor QCD

Goal: calculate the pressure and interaction
measure on a line of constant physics (LCP)

LCP determined by:
m, /m =const.

In good approximation we find:
m_|/m _=const. < m,//m =const.
K l s

Remains to be determined:

—4/9

6b,

XR(B)|1+d a*(B)+d,a*(p)
(RG inspired Ansatz)

r,m_ =const.
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Mpg/My N
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0.00 ' : - : :
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The equation of state for (2+1)-flavor QCD.

@ Integrate the derivative 0 InZ over B along the line of physics to get
the pressure OB

TR -
= (200 — ) + T2 (o — ) ) (G5)

" T - aﬁls/ﬁlﬁ
—1TY (<¢¢>SD - <¢¢>ST) (a—ﬁ)rﬁj
@ The B-function is required to calculate the interaction measure

€ —3p d /p (d,@) op/T?
= g () = (o
T4 dT \T4 da/,-p 0P

e —3p e —3p € —3p
:(T‘*) +(T4) +(T4)
gluon fermion g/ 1M

19



The equation of state for (2+1)-flavor QCD

® aprecise knowledge of r0/a is mandatory to fix the temperature scale and the
B-function, (adB/da)rcp

® RG-inspired ansatz for 3 > 3.47; rational polynomial ansatz for 3 < 3.47

® particularly important in the transition region on coarse lattices suchas N = 4, 6

0.070
0.085 |
(ro/a) Ra.jgop(P)
0.080 |
0.055 |
B, (N =4) NOTE:
0.050 | _
roT = (rg/a) /N, defines the
0.045 ¢ temperature scale irrespective of
0.040 | r/aonLCP e 1 any ambiguities in locating Te.
0.035 K
p
0030 bt
32 325 33 335 34 345 35 355 36 365 37 | The non-perturbative B-function:
RBC-Bielefeld, preliminary dg a [d(a/ro) -1
d R A G lLop




The equation of state for (

2+1)-flavor QCD

® Using an RG-inspired 2-loop B-function underestimates
(e — 3p)/T* in the transition region and stretches the temperature
interval in the low temperature regime artifically, i.e. makes the tran-

sition region look broader than it is.

10

(e-3p)/T
8 L
| ] [
on p4: NT=-:31 .
P
® #: *; asqtad: N.=4
" 6 —=—
4
i
é .
2 + Y
L. T [MeV
Lws T 7
100 200 300 400 500 600

RBC-Bielefeld, preliminary

differences in the transition region partly

arise from differences in the B-functions
used in the crossover region

e overall good agreement

Note:
T-scale is not dependent on 1 deter-
mination

asqtad data:
C. Bernard et al., hep-lat/0610017 (Lattice’06)
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The equation of state for (2+1)-flavor QCD

#® RBC-Bielefeld vs. MILC: the RBC-Bi energy density on N> — 4 lattices rises
more steeply;
direct consequence of the use of a non-perturbative 8-function directly deduced
from calculated rq /a values

® overall good agreement for N = 4, 6,

Note: T-scale does not depend on T determination!!
18 ¢

‘lB I_ I I I I EEE-F‘. - - I
e 14 LET 4 cees o
14 - ﬂ'ﬂ J ﬂ% ’ ° 8 4 L ] L LN
e I
12 | 43“ @@ @ 12
10
10 - p4: NTz-d- — 1 . -
B - B —a— BT
asqtad, N_=4 —e— old Bielefeld result
B} B —— B r
4 - | 4t
2t ] 2t
o LO | TMevl . ] o . . . | | T ]
100 200 200 400 500 BOD 1.0 1.5 20 25 30 35 40 45
band marks T' = (192 = 11) MeV pressure increased slightly with
RBC-Bieleteld, preliminary smaller quark mass
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Taylor coefficients with respect

250 - ' — 7 | | QCD partition function on the lattice:
T MeV] HyT=1

complex for ;>0

Sign Problem!

known tricks:

@ re-weighting the y=0 ensemble
Fodor, Katz (2002)

@ Taylor expansion around =0
Bielefeld-Swansea (2002)
@ imaginary chemical potential

115 [GeV] + analytic continuation de Forcrand, Philipsen (2002)
i D'Elia, Lombardo (2002)

T, Bielefeld-Swansea
T, Forcrand, Philipsen
Ty, J.Cleymans et. al.

0 02 04 06 08 1 12 14 acanonical approach

de Forcrand, Kratochvila (2003)
Alexandru et al. (2005)
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Taylor coefficients with respe

p _ - %
L= Ty py) = Y- (D) (TQ) Allton et al. PRD 71, 054508 (2005)
n=0
t down quark chemical potential Nf:2
up quark chemical potential
5 ml/T=0.4
T2 T2
e (T) :i' 0" <) _ _ %Ng 0 ann -
! Opg/T)* lug=0  PENG O(UN)™ | u=o
I - 0SS ——T7T—— 7T ———FT———T—— 71— Ol —T—T———F 71—
" coq SB limit

0.05

-0.05
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Taylor coefficients with respe
- bulk

Pressure, Quark number density,

Allton et al. PRD 71, 054508 (2005)

Quark number susceptibility,...

N =2
f
ng(Typg) — OUT, piq, 1) (uq) (u«;)"’ (w)"’
- — 9, (B2 fac, (B Lo (B2) +. .. _
T3 g T 2\ + 4Cy T + Ocg T + ml/T=0.4
Xgq (T, liq) (/J*q> 2
SRV T = 209+ 124 | 2
T2 2 \ T
o | ' — R /=10
115
/7=0.8 |
u/7=0.6
los
uq/T=0.4 |
u/T=02 |
s 2




Taylor coefficients with resp

1.2
1 C
2
0.8 b —— = *
06
04+
02 F 2+1 flavor, rnq=EI.1 mg =
2 flavar, arr1q=D.‘1 —
D L L 1 i L 1
0.6 0.8 1 1.2 1.4 1.6 18 2 2
G45 T T T T T
241 flavor, =01mg =
04 - e
C 2 flavor, arr1q=ﬂl.1 e
035 + 4 p i
03+t |yll
025 +

1.2

0er

06 |

» Fluctuations increase over
the resonance gas level for
smaller quark masses

RBC-Bielefeld preliminary

2+1 flavor, my=01mg -~ -

- C 2 flavor, amq=ﬂl.1 e




Taylor coefficients with respect

@ The radius of convergence can be estimated by ratios of expansion

coefficients

i c6/c4=1/pj

3F

2 I

1 :
resonance. .

gas °[ /e

a4 F ! [l

2+1 flavor, my=0.1m, -~

2 flavaor, ELrnq=El.1 i

TIT

£ i

2 - - -
0.6 0.8 1 1.2

1.4

1.6 1.8 2

RBC-Bielefeld preliminary
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@ The radius of convergence gives the
Distance to the closest singularity in
the complex chemical potential plane

a |f all coefficients are positive the
singularity lies on the real axis

@ The critical point will show up as
dip in p (as peakinl/p)

@ ¢/c,~3 corresponds to ¢"~330MeV

27



Taylor coefficients with resp

C2n

® Taylor expansion => estimates for radius of convergence  ps,, =

Cln-+2

23— T — T T ————— e
- T/T, /EE(PUJ /E[PEJ 1 1.4 T/T, : .
2 @ ® . 1.2 . .
i o = £ o =
= (] O 1 g . v ]
> :
1.5 ] =}
- @ - 0.8 -
= B
'.Em o 2 . d pn I
1 ?_Ea o P 0.6 -
o Py -
—_ Tculql 0.4
0.5 — 2
o2 © Py -
1Ty — T BTy
ol | L L Lo ob— L1 \
a 2 4 [ g 10 12 4] 0.5 1 15 2 25 3

T < To: pn ~ 1l.0foralln = pg* ~ 500 MeV

HOWEVER still consistent with resonance gas!!!
HRG analytic, LGT consistent with HRG =- infinite radius of convergence not yet ruled out

Allton et al. PRD 71 (2005) 054508.
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Taylor coefficients with respe

C2n

® Taylor expansion => estimates for radius of convergence ps,, =
Cln-+2

Fodor, Katz,

25— T T T T — T T T T T 7 = T JHEP 0404

- /T, /EBEPGJ /E"Pz’- L4y : (2004) 050.
2 o [} 7 2 I 7 H 1

_ o N (re-weighting)
L5 . o ) 1

1 E;;_c%\ﬂ@ ( ; E: D.ﬁ-

f\ T Gavai, Gupta,
o5+ I S i PRD 71 (2005)

wT, | Ty R/, 114014.
% 2 4 6 8 10 12 % o5 1 15 2 15 3 (Tay|0r_expansion)

T < To: pn ~ 1l.0foralln = pg* ~ 500 MeV

HOWEVER still consistent with resonance gas!!!
HRG analytic, LGT consistent with HRG =- infinite radius of convergence not yet ruled out

Allton et al. PRD 71 (2005) 054508.
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Taylor coefficients with resp
- bulk

Pressure ——= Energy and Entropy density

1 o0 ™
#® pressure % = s InZ(T,pq) = Y cn(T,10) (%)
n=0
#» energy density from "interaction measure”
e — 3p > v (g\" . den(T,m)
T4 —= Z C:I(T, m) (?f-]) . C:I(T, m) p— T d"_'I:

n=>0

# entropy density

s _ e+ p—pgn - ) (e
= — — tq Z ((4— n)ec, (T, m)—l—ﬂ:l(T,m)) (?q)

n=>0

DWGRTZers chenical potential 30



Taylor coefficients with resp

TOFT
60
50
40 -
30 r
20 r

10

0o

- bulk

.
. g 4
e5/T ]
(3/2)s2T; —®
_‘. 3polT
em
e
| ] "o
u
K i ] n 2]
. F
[ ]
[ ] l.‘ 4
LI
Lt . . My
0.8 1.0 1.2 1.4 1.6 1.8 2.0

O((1q/T)?)

25

20 r

15t

1.0

05 r

0.0

1.0+

-1.5

T .
iy ;j.-’l'f :
] Ep_;T
.
] .
L ]
w0
L S
.
| |
\ L
" . Ty
0B 1.0 1.2 1.4 16 1.8 2.0
4
O((1q/T)%)

® magnitudes similar for all three quantities;

#® expansion of €¢/T* and s/T* also dominated by O((p,/T)?)

for py /T <1 (except close to T.)

N =2
mlT=0.4

N =4
t

S. Ejiri, F. Karsch, E. Laermann, CS, PRD 73 (2006) 054506.
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Taylor coefficients with respe

]
]
]
. _
Ei 1 s
- 45 L
] & RHC  o% g 200 N =4
' ml g 4 f freeze-out t
H - - —E=.— 150 . SRS > =
S SR Sl AGS
i e ] . _(FAIR) s [MeV]

. l. '_ N =2

. - _ mlT=0.4

S/Np = 30015090 60 45 30
", ——————— - , ——
180 m =m [ | " ago |
180 L H u | | ]
| I | ] [ ] 5 250
1.40 1 "= L [ ] u
ijz0f ® ® & ® = 200 E
I ;
100 - & & i
‘ .I =
0.80 - u .
0.00 0.20 0.40 0.60 0.80 ]-lcfrT1 00 0
#» isentropic trajectories close to »

ideal gas behavior forT' > T,

#® trajectories bend towards »
larger p, forT' < T,

» O(p,g) correction (open sym.) »
is small for pug/7T'<0.8
(despite large errors)

S. Ejiri, F. Karsch

100 200 300 400 500 €00 700 800 =900

RHIC corresponds to
S/Np ~ 300 ~ oo

SPS corresponds to
S/Np ~ 45

FAIR will operate at
S/Np ~ 300r png/7T<0.9

, E. Laermann, CS, PRD 73 (2006) 054506.
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Taylor coefficients with respe
-t

2-flavor QCD
40 ' ' ' ' 7
pT 120 +
35 E EJ"T4 L BN | [ ] . n L]
. 100 + S 2 2 2 -
30+ ] & . : FLERE 2 & & : N =2
u L] i ne? f
25| . o 1 80 - "o -
. S/Ng=30 — m _
20 u : SMg=30 — = 80 | . EdE - ml/T=0.4
® 45 ® 300 L
15 : L 00 - A :
., 4.0 ¢ ] N :4
1.0 =g . t
0.5 F.! 20+ of ]
) 2 -
| T/T, T/T,
00 - BE . : : 0. 00 9.

08 1.0 12 1.4 16 18 2.0

pressure

0.8 10 12 1.4 16 18 2.0

energy density

on lines of constant S/Ng on lines of constant S/Np

o o o b

1q-dependent contribution added on top of the pg = 0 result
RHIC EoS essentially coincides with the p, = 0 EoS
EoS at SPS and RHIC differ at high T by less than 10%

FAIR: changes at high T' ~ 30%:; but need better resolution at low T’

S. Ejiri, F. Karsch, E. Laermann, CS, PRD 73 (2006) 054506.

33




Taylor coefficients with resp

0.30 -
025 -
0.20 -
0.15 ;

010 -

0.05

0.00

i3 B
P 7
2 N, =2
% S/Ng=30 -~ m - -
45 ]
i 300 & ml/T=0.4
1 t
T.I"Tﬂ

08 10 12 14 16 18 20 o0 2 4 6 8 10 12 14

® p/evs. e shows almost no dependence on S/Np
® softest point: p/e ~ 0.075
#® phenomenological EoS for Ty < T < 2T

p 1 ) 1.2
e 3 1+ 0.5
S.

Ejiri, F. Karsch, E. Laermann, CS, PRD 73 (2006) 054506.
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Taylor coefficients with respe

#® steep E0S:
rapid change of energy density; slow change of pressure

= reduced velocity of sound = more time for equilibration

0.40 . . . . pure gauge theory:
0.35 | Vs =dp/de sp . G. Boyd et al.,
— -
0.30 | — NP B469 1996
025 1 n=2, Wilson: mpe/my=0 65 —4— "= 2
0.20 | o e muc0.95 —v—|  A.AliKhan et al.,
SU(3) ——

0.15 | n=(2+1): staggered, nl?(j]] S PR D64 2001

n=2: staggered, isentr. EOS ———
0.10 | ny=(2+1):
0.05 | o Y. Aoki et al.,
0.00 . . , | c hep-lat/0510084
05 1.0 1.5 2.0 2.5 30 (TVY3 =2)

F. Karsch, hep-lat/0601013 (PANIC 05)
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Taylor coefficients with respe
- the la

de e+ p

® simple 1-d hydro: 9, T*" =0 = — = —
dr T

» idealgas EoS: p/e =1/3

e(fr)_(@)"‘” N Tf:,rn(ewu))m

€(7o0) o\ T e(1e)

» lattice EoS: p/e < 1/3 = slows down expansion;
= increases plasma lifetime

de 4 € (1 0.3 )
dr 37 1+ 0.2 € fm®/GeV

e(7o = 1 fm) ~ 10GeV /fm® = 717 ~ 5.5 fm (e = 3p)
~ 7 fm (LGT EoS)

F. Karsch, hep-lat/0601013 (PANIC 05)
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Summary 2

# A large scale calculation of the critical temperature and EoS is
on-going (RBC-Bielefeld on QCDOC+APEnext ):

-- we find the critical temperature of QCD, continuum extrapolated from
Nt=4 and Nt=06 lattices to be
T =192(7)(4) MeV
-- the critical energy density shows a rapid crossover at this temperature
-- the Nt=6 Eos is work in progress
-- the calculation of Taylor coefficients to the 8" order has been started

#% The transition is most likely crossover

# Taylor coefficients are a powerful tool to analyze bulk thermodynamic
quantities at non-zero density:

-- pressure, quark number density, quark number susceptibility
energy and entropy density can be studied at non-zero chemical potential
-- we find increasing hadronic fluctuations with decreasing quark mass
-- the isentropic EoS, speed of sound has been calculated
-- the critical point ?
-- d.o.f. in the QGP can be analyzed
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