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Phase structure of QCD at high temperature and density 

Lattice QCD quark-gluon plasma phase

• Phase transition lines
• Equation of state
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• Direct simulation: 
Impossible at 0.
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Problems in simulations at 0
 Problem of Complex Determinant at 0

 Boltzmann weight: complex at 0
 Monte-Carlo method is not applicable.
 Configurations cannot be generated.

 Density of state method (Histogram method)
X: order parameters, total quark number, average plaquette etc.
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 Sign problem: detM changes its sign  the error of W: large. 
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Overlap problem
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• W is computed from the histogram.
• Distribution function around X where                         XOXV ln)(eff 

is minimized: important.
• Veff must be computed in a wide range.
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Equation of State
• Integral method

– Interaction measure ln  13 Zp 


e ac o easu e

computed by plaquette         and chiral condensate
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• Calculation of           and : required.



P )0(det)(det MM 



Distribution function for Equation of state
         gSN emMFFPPDUmTFPW    ,det'' ,,,',' f

       gSN emMPPDUmTPW    ,det' ,,,' for

    ,,,, ,,   TmFPWdPdFTmZ,)0(det)(detlnf MMNF 

      ,,,,  
,,

1
,,




 
TmFPWPdPdF

TmZ
P

Tm

 
        0,,,,  

0,,
1

0det
det

0,,

TmFPWeedPdF
TmZM

M
P,F

iF

Tm




  f)(detofphasecomplex: NM 

• We must calculate W in a wide range of P and F.
h i bl b l d b i
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• The sign problem must be solved to obtain W.
– We propose a method for the calculation of W.



-dependence of the effective potential
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X: order parameters, total quark number, average plaquette, quark determinant etc. 
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Critical point ,,eff TXV Correlation length: short 
V(X): Quadratic function

Correlation length: long
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Distribution function in the heavy quark region
WHOT QCD Ph R D84 054502(2011)WHOT-QCD, Phys.Rev.D84, 054502(2011)

• We study the critical• We study the critical 
surface in the (mud, ms, ) 
space in the heavy quarkspace in the heavy quark 
region.

• Performing quenched• Performing quenched 
simulations + 
Reweighting.Reweighting.



-dependence of the distribution function


Change: 1(T) 2(T)
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Solving the overlap problem
Effective potential in a wide range of P: requiredEffective potential in a wide range of P: required.

Plaquette histogram at K=1/mq=0.        Derivative of Veff at =5.69 

dVeff/dP is adjusted to =5.69, using      12site1
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These data are combined by taking the average.
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Reweighting method for quark part
• Distributions of plaquette  P (1x1 Wilson loop for the standard action)
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Effective potential:

R(P,m,m0,): independent of ,    R(P,m,m0,) can be measured at any . 

Effective potential:
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Effective potential near the quenched limit
WHOT QCD Phys Rev D84 054502(2011)WHOT-QCD, Phys.Rev.D84, 054502(2011)

Quenched Simulation
(mq=, K=0)

first order

dP
dVeff

K~1/mq for large mq

dP

crossover

Quark mass
smaller

lattice, 4243  5  points,   Nf=2

• detM: Hopping parameter expansion.
K d d i l l t d b th i hti• K-dependence is calculated by the reweighting.

• First order transition at K = 0 changes to crossover at K > 0.



Distribution function in the light quark region
WHOT QCD i tiWHOT-QCD, in preparation

• We perform phase quenched simulations with the weight:We perform phase quenched simulations with the weight:
  gSN emM   ,det f

        

     








  ,det'' ,,,',' f emMFFPPDUmFPW

SNi

SN g

     
 





''

 ,det''                            f

mFPWe

emMeFFPPDU
i

SNi g

  ,,,,                            0','
mFPWe

FP

 det M 
expectation value with fixed P,F         histogram

   
 0det

detlnf M
MNF 

 MdetlnImP: plaquette

      PNN eMFFPPDUFPW   sitef 6
0  det'' ','Distribution function 

of the phase quenched. 



Avoiding the sign problem
(SE, Phys.Rev.D77,014508(2008), WHOT-QCD, Phys.Rev.D82, 014508(2010))

: complex phase MdetlnIm

• Sign problem: If        changes its sign,
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If the cumulant expansion converges,   No sign problem.



Distribution of the complex phase

• We should not define the complex phase in the range from  to 
• When the distribution of  is perfectly Gaussian, the average of the 

complex phase is give by the second order (variance),
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Complex phase 
• Gaussian distribution   The cumulant expansion is good.
• We define the phase
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Integral method for the calculation of the quark determinant
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 T
M


 detln

TT

 T
4.0 T

lattice 483 
50.1 TT

8.0 mm

42T

T T

2-flavor QCD
Iwasaki gauge 
+ clover Wison

4.2 T

quark action

TT

Real part                 Imaginary part
TT



Distribution of the complex phase

• Well approximated by a Gaussian function.Well approximated by a Gaussian function.
• Convergence of the cumulant expansion: good.



2nd and 4th cumulants

Ta  )4/1( Ta  )4/1(

• Large  and  dependence
• courses the Overlap problem

• 4th cumulant is zero.
• Good convergence.p p g



Overlap problem

• Perform phase quenched     fdet
N

MFPW 

Reweighting method     W0: distribution function in phase quenched simulations.

p q
simulations at several points.
– Range of  F is different.
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• Change  by reweighting 
method.

• Combine the data• Combine the data.

Distribution in a wide range:Distribution in a wide range:
obtained. 

• The error of R is small 
because F is fixed.  
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Convergence of the cumulant expansion
d thF-dependence of the 2nd and 4th order cumulants 

of the complex phase
PreliminaryPreliminary

Preliminary
• 4th order cumulant is consistent with zero.

Preliminary



Convergence of the cumulant expansion
d thP-dependence of the 2nd and 4th order cumulants 

of the complex phase

Preliminary
• 4th order cumulant is consistent with zero.

Preliminary



Effective potential at finite 
• Combine V0 and the phase factor.        Preliminary
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Summary
• We studied the quark mass and chemical potential dependence 

of QCD phase transition in the heavy quark region and the light Q p y q g g
quark region.

• The histogram method is used to investigte the nature of the 
phase transition.

• To avoid the sign problem, the method based on the cumulant 
expansion of is useful. 

F th t di i li ht k i i t t l i thi• Further studies in light quark region are important applying this 
method.


