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Phase structure of QCD at high temperature and density

Lattice QCD quark-gluon plasma phase
 Phase transition lines T
e Equation of state E% -
o0 9 low-E RHIC
FAIR

e Direct simulation:
Impossible at p=0. N
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Problems In simulations at pu=0

Problem of Complex Determinant at u=0

o Boltzmann weight: complex at pu=0
o Monte-Carlo method is not applicable.

« Configurations cannot be generated.

Density of state method (Histogram method)
X: order parameters, total quark number, average plaguette etc.

Z(m,T,u)=[dX W(X,m,T,u)

histogram
W(X',mT,p)= j DUS(X-X ") (detM (m, )™ e~

Expectation values

OIX 1 =%jdx O[X [W(X,m,T,u)

Sign problem: detM changes its sign — the error of W: large.



Overlap problem

(O[X]) = % |o[xw(x)dXx = % | exp(= Vg (X )+ 'ZO[XD dX

Vg (X) =—InW (X)) ﬁ A
e W is computed from the histogram. M\

« Distribution function around X where v _ (X)-1In O[X ]
IS minimized: important.

* Vet must be computed in a wide range.

Ver (X)) ~InO[X V. (X)—1InOJ[X

+ Out of the
/ reliable range

reliable range If X-dependence is large. reliable range




Equation of State

* Integral method

— Interaction measure e-3p__ 1 dlnZ
T VT dlna

computed by plaguette (P) and chiral condensate (yv)
— Pressure at p=0 0 1

T VT3

ae —3p' ,
P ST,4p d(Ina’)

ag

In Z

e Integral

T4

T4

a

ag

N\ ao: start point p=0

+ Pressureatpz0 p (y P 1 @j: N ),/ detM ()
T VT 1 Z(0)) | N detM(0)/

S

 Calculation of <P> and (detM(n)/detM(0)) : required.



Distribution function for Equation of state

W (P, F',T,m,u)= [ DU 5(P—P")(F — F"detM (m, )" e

or W (P',T,m,u)= DU 8(P—P')detM (m,u))" e

F =N, InjdetM (u)/detM (0), Z(m,T,p)= dedF W(P,F,mT,u)

1
(Pt = T dedF PW(P,F,m,T,un)

<det M (1)

det M (o)>(m,T . z(m T.0)

[dPdF e"(e”) w(P,F,m,T0)
0 :complex phase of (det M (i)™
* We must calculate W in a wide range of P and F.

e The sign problem must be solved to obtain W.
— We propose a method for the calculation of W.



u-dependence of the effective potential
Z(T’H):IdXW(X’T’H) Vg (X)) =—=InW (X)

X: order parameters, total guark number, average plaquette, quark determinant etc.

Crossover

Ve (X, T, 1) Correlation length: short Critical point

V(X): Quadratic function
Correlation length: long
Curvature: Zero

_| 1* order phase transition

hadron CSC Two phases coexist
Double well potential

QGP




Distribution function in the heavy quark region
WHOT-QCD, Phys.Rev.D84, 054502(2011)

e We study the critical
surface in the (Mud, Ms, 1)
space In the heavy quark
region.

s ' * Performing quenched

e simulations +

| s Reweighting.




B-dependence of the distribution function

W (P',B)= [ DU 3(P — P'(detM (m, )" e®NeeP?

Change: B1(T) = [2(T) P: Average plaquette (1x1 Wilson loop)
Weight W(Bl):W(BZ):eGNsute(Bz_Bl)Pw(Bl) (B:6/g2>

Potential: Vi (P) = ~In(W(P)) = Vis(B:)=Ver(B) 6N (B, —B,)P

d\/e dV, d?v, d?v,
‘ ! (BZ) F];f (Bl)_GNsite<B2 _Bl) deﬁ (BZ ) = deﬂ (Bl)
Curvature of Veff: independent of f.

1st order phase transition

Ver (P)
WA AVES

P
Shape of dVeri/dP: independent of 3. ™ Easy to identify 1st order phase transition.




Solving the overlap problem

Effective potential in a wide range of P: required.

Plaquette histogram at K=1/mq=0. Derivative of Veff at $=5.69
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o Us68s 56925 7
3000 -
S
fgozso N Or . =568
£ N - P=5.685
am E=5.69
. P=5.6925
-3000~ — ngrg)ine 5Bs |
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N.. =24°x4, 5B points, quenched.
dV. dV.
aVet/dP is adjusted to p=5.69, using ~ ~ (B,)= o (B,)—6Ngi B, —B)

These data are combined by taking the average.



Reweighting method for quark part

* DIStFIbUtIOﬂS Of plaquette P (1x1 Wilson loop for the standard action)

W (P’,8,m,0)= j DUS(P-P’)(detM (m,0))" e (Weight factor at m and pu=0)

R(P.m,my, ) =W(P.p.m ) W(P,p,m, 0)  (Reweight facton

D detM(m,u)
[ DU 5(p-P)(detM (m.10)" <8(PP)(detM<mo’°>j >W><(detm<m,u>]w>

R(P7)= [ DU 5(P-P")(detM (m,.,0))" ) B(P-P g0y detM (m;.0)

R(P,m,mo,u): independent of B, — R(P,m,mo,1) can be measured at any 3.

Effective potential:

Vers (P’ m, H): ~ In[R(P’ m, H)W(P’ m)]:Veff (P’ mo’o)_ In R(P’ m, mo’H)



Effective potential near the quenched limit

WHOT-QCD, Phys.Rev.D84, 054502(2011)

first order
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e detM: Hopping parameter expansion.
« K-dependence Is calculated by the reweighting.
 First order transition at K = 0 changes to crossover at K > 0.

Quenched Simulation
(mg=c0, K=0)

K~1/mq for large mq
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Distribution function in the light quark region
WHOT-QCD, in preparation

We perform phase quenched simulations with the weight:
detM (m,p )" e

W(P',F',B,m,p)= .~ DU 8(P — P)S(F — F')detM (m, )" e~

= [ DU 8(P—P")8(F — F")e"|detM (m, ) " e~

— <ei9>P"FI xWO(P', F', B, m, H)

expectation value with fixed P,F histogram

det M (1)
det M (0)

O0=ImliIndet M

P: plaguette  F(u)=N;In

Distribution function L | | . .
of the phase quenched. WO(P  F )= j DU S(P —P )S(F —F )(detl\/l 6 NsiePP




Avoiding the sign problem
(SE, Phys.Rev.D77,014508(2008), WHOT-QCD, Phys.Rev.D82, 014508(2010))

0: complex phase 0= ImlIndet M

Sign problem: If € changes its sign,

<ei9> << (statistical error)
P,F fixed

Cumulant expansion <..>PF: expectation values fixed F and P.
10 . 1 2 - 3 1 4
), - = o]l 507, 5T + 5 {#) |
—0 —0
cumulants

O = O (07), =(0%),, ~(00 o (07), =(0°),, ~3(0%), (0D #2000 (0%, =

— Odd terms vanish from a symmetry under p <> —u (0 <> —0)
Source of the complex phase

If the cumulant expansion converges, No sign problem.




Distribution of the complex phase

* We should not define the complex phase in the range from —r to n.

* When the distribution of 0 Is perfectly Gaussian, the average of the
complex phase Is give by the second order (variance),

("), =00 - 3(07),

W) | i weoy: .

| i

No information




Complex phase

Gausslan distribution — The cumulant expansion is good.
We define the phase

- detM(n) |, 7, | @lndetM Ej
O(H)_Nflmlnd v =N, | Im{ ld(

: owT) | \T

— The range of 0 Is from -co to oo.
At the same time, we calculate F as a function of p,

det M (1) wT | dIndet M (uj
F(n)=N, I =N R =
R o R { o) ld T
The reweighting factor is also computed,

N W/ Re olndetM d(Ej
Pt a(wT) T

det M (u)

Clh)= N M ()




Integral method for the calculation of the quark determinant

olndet M

o(u/T)

Fed lndet M/ de

8° x 4 |attice

2-flavor QCD

Iwasaki gauge

+ clover Wison
quark action

Fedlndet M/ des

200 ——

150

100

50

700 —

600

500

400

300

200

100

u/T =04,6=1.50,m,/m,=080

r I r
| o configuration 1
o comfigurabon 2
o configuration 3
F o counfiguration 4 —
configurabon 5 g
z
— .D- —
- o
B = oo &
- o - . wxdfis
I - TP -]
| T PR T N |T-|'.'| b= 1
0 0.5 1 15 2 25
n/T
H/T =24 p=1 Sﬂ,m_."mp=[].3[]
LA R s B B R B B B R A B T ™3
o configurahom 1 .u;
o configuration 2 b
o configuration 3 j '5',:' 3
o corfiguration 4 i
configuration 5 —;
o
A E
X 3
s E
o o 3
-.;... ﬂ.v'}__,.-' _;
v ol
PR T N T S S T | | | =
0.5 1 15 2 25

Real part

Iin & lin et A/ Dez

Tin 8 li1 et M/ de

/T =04, p=1.50, m,/m,=080

T
a0 N —
40 ]
nk .
OF# # 3 ® & = T
L T .
20 R ]
[ o configurabon 1 e, ]
- o configuration 2 "1::.___ ]
-0 . confignmation 3 -
I~ confipuraton 4
G0 + configuration 5 .
[ I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1
1] 035 1 1.5 2
w/T
H/T =24 p=1.350, m._.-rmp=|].3|:l
AL S B B S B B B B B T T
g0l o configuration 1 o
o0 configuration 2 e
[ = configuration 3 e
40 [~ configuration 4 T N
L :Dcn.ﬁgtmﬁunﬂ@___ e
agheme " ]
[N RO - e = = o —
ok ]
- O
Aok - ]
i .
60F ]
[ 1 [ [ 1 1 L
1] 035 1 1.5
/T

Imaginary part

Hu/T=04

/T =24



Distribution of the co
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« Convergence of the cumulant expansion: good.




2nd and 4t cumulants
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1.5,W/T=2.0)

Vo (F,B=

Overlap problem

Reweighting method  Wo: distribution function in phase quenched simulations.

detM ()

detM (Ho)

b
<
T 1 T T T T T T

[
-
T T T T T T T T

of

Nf> *
P ,F fixed

0 10 20 30 40 50 60 70 80 90 100

F
_InW, (P, F, 1, )~ InR(P, F, 1, 1ty ) =

Perform phase quenched
simulations at several points.
— Range of F is different.

Change p by reweighting

method.

Combine the data.

Distribution in a wide range:
obtained.

The error of R Is small
because F iIs fixed.

—InW, (P, F,p)



comulants of the complex phase

Convergence of the cumulant expansion

F-dependence of the 2" and 4™ order cumulants

of the complex phase -
Preliminary

B=1.50, u,/T=0.4, WT=0.4 B=1.50, u/T=1.2, W/T=1.2
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Preliminary
o At order cumulant is consistent with zero.



Convergence of the cumulant expansion

P-dependence of the 2" and 4" order cumulants
of the complex phase

B=1.50, uy/T=04, WT=0.4 B=1.50, uo/T=1.2, WT=1.2

cumulants of the complex phase
tn
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I
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Preliminary
o At order cumulant is consistent with zero.



Effective potential at finite p

Combine Vo and the phase factor. Preliminary
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Summary

We studied the quark mass and chemical potential dependence
of QCD phase transition in the heavy quark region and the light
quark region.

The histogram method is used to investigte the nature of the
phase transition.

To avoid the sign problem, the method based on the cumulant
expansion of 0 is useful.

Further studies in light quark region are important applying this
method.



