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Lattice Calculation of QCD Critical Point  

with the Canonical Ensemble  
 

 

• Finite Density Algorithm with Canonical Ensemble Approach  

• Results on NF = 4 with Wilson-Clover Fermion   

• NF  = 3 with Wilson-Clover Fermion  
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A Conjectured Phase Diagram   



Canonical partition function 
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Overlap Problem 
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     Standard HMC Accept/Reject Phase 

Canonical approach 

Continues Fourier transform 

Useful  for large k  

Canonical ensembles 

 

 

 

 

 

 

 

Fourier transform 

 

K. F. Liu, QCD and Numerical Analysis Vol. III (Springer,New York, 2005),p. 101. 

Andrei Alexandru, Manfried Faber, Ivan Horva t́h,Keh-Fei Liu, PRD 72, 114513 (2005) 

WNEM 

Finite density simulation with the canonical ensemble                    Anyi Li - Lattice 2008 Williamsburg 
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Winding number expansion in canonical  approach to finite density                                                                                                                                       Xiangfei Meng - Lattice 2008 Williamsburg 

Winding number expansion (I) 

In QCD 

  Tr log            loop              loop expansion 
 

In particle number space 

  

 

 

Where  
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Observables  

Polyakov loop 

 

 

 

 

Baryon chemical potential 

 

 

 

 

 

 

 

 

 

 

Phase 

Finite density simulation with the canonical ensemble                    Anyi Li - Lattice 2008 Williamsburg 



Taida, 2006 page 10 

  

Phase Diagrams 
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First order ? 
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Phase diagram 
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ρ 

coexistent 
hadrons 

plasma 

Four flavors 

T 

ρ 

coexistent 
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Three flavors 
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Finite density simulation with the canonical ensemble                    Anyi Li - Lattice 2008 Williamsburg 
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Phase Boundaries from Maxwell Construction 

Nf = 4 Wilson gauge + fermion action 

Finite density simulation with the canonical ensemble                    Anyi Li - Lattice 2008 Williamsburg 

Maxwell construction : determine phase boundary 



Baryon Chemical Potential for Nf = 4  
(mπ ~ 0.8 GeV)  

63 x 4 lattice,  
Clover fermion 
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Ph. Forcrand,S.Kratochvila, Nucl. 

Phys. B (Proc. Suppl.) 153 (2006) 62 

4 flavor (taste) staggered fermion  

Phase Boundaries  

                       

        



NF =3 

A. Alexandru and U. Wenger, Phys. Rev. D83:034502 (2011)  

• Dimension reduction in determinant calculation 
 
 
 

    where the dimensions of Q and T·U are 4NC LS
3. 

• Eigenvalues of the time-reduced matrix admits  
   exact F.T.    

/2 /2det det det[ ]i iM Q e T Ue    

3

3
4

2

1

det det ( )
C S

C S

N L
i N L i

i

i

M Q e e
  



  



UK, 2007,  page 18 

Three flavor case  

(mπ ~ 0.7 GeV, a~ 0.3 fm) 
63 x 4 lattice,  
Clover fermion 



UK, 2007,  page 19 

Critial Point of Nf  = 3 Case 

TCP = 0.927(5) TC (~ 157 MeV)  

µCP  = 2.60(8) TC  (~ 441 MeV) 

mπ ~ 0.7 GeV, 63  x 4 lattice, a ~ 0.3 fm  

Transition density ~ 5-8 ρNM 

Nature of phase transition 



Polyakov Loops 
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Quark Condensate 
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Sign Problem?  

Finite density simulation with the canonical ensemble                    Anyi Li - Lattice 2008 Williamsburg 



Fluctuations 

Fluctuations of the baryon number in grand canonical 

ensemble 

 

In canonical ensemble at the thermodynamic limit 

 

 

 

 

 

 

The second moment is evaluated by  
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Variance 
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Second moment <N2> 





We are here 



Challenges for more realistic calculations 

Smaller quark masses: HYP smearing, larger 

volume. 

Larger volume:  

• larger quark number k to maintain the same baryon 

density  numerically more intensive to calculate the 

projected determinant (LS
9). 

• Unbiased estimator of determinant. 

• Acceptance rate and sign problem  isospin chemical 

potential in HMC and A/R with detk.  



Summary 

Calculation with small volume and large quark 
mass notwithstanding, direct observation of 
the first order phase transition and the 
critical point is afforded in the canonical 
ensemble approach. 

Problem with precise numerical evaluation of 
detk for large k is overcome. 

Simulations at smaller quark masses and larger 
volumes free from acceptance rate and sign 
problems are essential to the full 
understanding of the realistic situation. 


