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QCD Thermodynamics

 Hadron resonance model : Atlow T, QCD dynamics dominated by
hadron resonances. As T is increased, we get thermal production of
large number of heavier resonances — € increases until Hagedorn
temperature is reached — new phase of matter

* Manifested in QCD by a deconfinement transition where quark
degrees of freedom are liberated, producing quark-gluon plasma

(QGP)

 QGP is strongly interacting (esp. near transition temperature T,).
Lattice QCD is tool to study non-perturbative aspects of QCD at
finite temperature

e Goals: a) Study QCD transition region, T, (R. Soltz)

b) Equation of State (EoS) gives insight into dynamics of QGP,
useful for understanding heavy ion collisions
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Staggered Fermions

Attempt to alleviate fermion doubling problem by staggering
fermion degrees of freedom on neighboring lattice sites.

Advantages: 16 fermion flavors — 4 fermion flavors,

Numerically inexpensive, preserves U(1) remnant of chiral
symmetry.

Disadvantages: Spin and flavor degrees of freedom become
mixed up — O(a?) splittings for normally degenerate hadrons.

Improved staggered fermions (  p4, Naik) improve dispersion
relation.

“Smeared” gauge links help improve flavor symmetry by
suppressing flavor-mixing terms in the action.
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Dispersion Relation

Pressure of free fermions on the lattice (at fixed N,):

P N.N;N} [* d3(pa) | ,

_Pb4aa -

Standard staggered dispersion relation: 242 = ZH sin? (ppa) + m2a?
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Dispersion Relation

Pressure of free fermions on the lattice (at fixed N,):

P N.N;N} [* d3(pa) | ,

Standard staggered dispersion relation: 242 = ZH sin? (ppa) + m2a?
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Dispersion Relation

Pressure of free fermions on the lattice (at fixed N,):

P N.N;N} [* d3(pa) | ,
T4~ 3 /0 W mzaln(E(P,m,m))

Standard staggered dispersion relation: EF242 = ZM sin? (ppa) + m?a?
2 4
Plattice — 1 L| 248 _T L 6395 s _|_
Pcontinuum 1147 N¢ 147 Ny

Hattice — — 175 (Ny = 4) \ O(a?) correction

Pcontinuum

Standard staggered fermions give result with large O(a2) corrections:
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Improved Staggered Fermions

p4, Naik actions use higher-order approximation for fermion
derivative, leading to a more accurate disperison relation —
smaller cut-off effects compared to standard staggered

fermions.
1143 4 73 6

Plattice — L T TC

Pcontinuum o 1 —I_ O 980 (Nt) —|_ 2079 (Nt) —|_ (p4)
4 6

Plattice _ o 1143 T o @ T .
Pcontinuum o 1 —|_ O 980 (Nt) 77 (Nt) + e (Nalk)
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Improved Staggered Fermions

p4, Naik actions use higher-order approximation for fermion
derivative, leading to a more accurate disperison relation —
smaller cut-off effects compared to standard staggered

fermions.
(\ 1143 Yo 0
Plattice — L T TC
Pcontinuum o 1 —I_ O 980 (Nt) —|_ 2079 (Nt) —|_ (p4)
4 6
Plattice _ o 1143 T o @ T .
Pcontinuum o 1 —|_® 980 (Nt ) 77 (Nt ) —|_ e (Nalk)

/

No O(a?) corrections
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Improved Staggered Fermions

p4, Naik actions use higher-order approximation for fermion
derivative, leading to a more accurate disperison relation —
smaller cut-off effects compared to standard staggered

fermions.

4 6
pacsee 14018 () + 285 (%) T - 00

Pcontinuum

4 6
attice o 1143 T 365 T :
Platt — 1 _|_®_ 950 (E) — = (E) t ... (Naik)

Pcontinuum

No O(a?) corrections

Reduced higher-order corrections
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Free field Equation of State

p/T 4

?l Staggered: Nt =4, 6, 8
1.5

1 P4.Nt=4,06, 8
0.5

67040608 1 1214 /M

(e-3p) /Tr4
*For p4 fermions, Nt =6 is 1

already close to the
continuum result.

*For standard staggered,
Nt = 8 is still far away.

© o oo
N D O O RN
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EoS calculations with p4 fermions

e Calculations at N, = 4, 6 with RBC-Bielefeld Collaboration

« Use Rational Hybrid Monte Carlo (RHMC) to simulate two light
dynamical flavors and 1 strange flavor (2+1 flavor)

 Light quark mass 2x heavier than physical mass (m, = 0.1 m,)
e m,; ~ 220MeV Kaon mass tuned to physical value mi ~ 490MeV

« Large temperature range:
140 MeV<T<800MeV —-0.7Tc<T<4Tc

o Calculations at Nt = 8 with HotQCD
 Compare with Asgtad (talk by L. Levkova )
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Calculating EoS on the lattice

The pressure:

) om -
—(8) =N, / cw[N:Nt ((Sg)o Efj( f) ((¥%a) = (¥¥a)q)]
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Calculating EoS on the lattice

The pressure:

. [P om "
—(8) =N, / 0 dﬂ[N?,th ((Sg)o Efj( f) ((¥%a) = (¥¥a)q)]

The interaction measure:

€ —3p Ti(ﬁ)— dB op/T*  [e—3p N € —3p
T4 dI' \T4) “da 08 T4 gauge T4 fermion
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Calculating EoS on the lattice

The pressure:

B 1
_ 4
_ N /ﬁ i (50

The interaction measure:

€ —3p d (p)_ dﬁ@p/T4_

_7
T4 dT da 00

Interaction measure is the basic quantity measured on lattice.
Pressure, energy density, entropy can be reconstructed via

thermodynamic relations from €-3p.

16
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Lattice scale

Temperature on lattice given by T = 1/(Nt a)
L attice spacing, a, controlled by gauge coupling 8

*Need to determine lattice scale at each 8 in order to extract physical
temperature.

*Also need good control of a(f) in order to extract ag—g
L attice scale determined by calculating quantity on lattice and
matching to actual physical value.

-Bare quark masses (m;, m.) are adjusted along with B to keep
physical hadron masses (m,, mk, m,,) fixed (Line of Constant
Physics) .
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Heavy quark potential

V(r) — Potential between two

' ' ' ' heavy quarks.
3+ V(rirg) iy I _y _q
véﬁ No visible cut-off effects over
2 | ﬂf— l large range of gauge couplings
Can use string tension (o) or
Tr 3387 Sommer parameter (r,) in
s order to set lattice scale.
[] B . Pl
L r,= 0.469(7) fm.
5 369
1r f 376 —e—
- 382 —a— 8%
U 382 V(r)=—=+or
s r
- /
P I L dV (r)
0 05 1 15 2 25 ré————=|—,, = 1.65
dr
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Line of constant physics

0.040

my 1o (B/12by)*°

0.035 t

0.030 r

0.025

0.020 ¢

0.015 ¢

0.010

31 32 33 34 35 36 3.7 38 39 40 41

 m,a adjusted with B to keep meson masses fixed. Ratio of light
quark mass to strange quark (m,/m¢ = 0.1) also kept fixed.

« Fitto renormalization group-inspired ansatz used to extract dm/df3
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Line of constant physics

0.040 EE—
my 1o (B/12by)*° 10.0 ¢
0.035 | .
8.0 |
0.030 ro/a
6.0 |
0.025 |
0.020 | 407
| e i 2.0 t LD ‘,, 3-interv. fit - - - -
0.015 P RG fit
B
0.010 0.0 : : : B

31 32 33 34 35 36 3.7 38 39 40 41 31 32 33 34 35 36 3.7 38 39 40 41

 m,a adjusted with B to keep meson masses fixed. Ratio of light
quark mass to strange quark (m/m¢ = 0.1) also kept fixed.

* Fitto renormalization group-inspired ansatz used to extract dm/d3
» Piecewise fit of r,/a used to parameterize scale.

e ,dB determined from this fit.
a
da
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Interaction measure

0.30405060.708091011

O Trl o  Liberation of quark
(e-3p)/T4 0 degrees of freedom
g L | passing through the
4 transition — rapid rise in
ﬁ 4 pa: N{=6 4 (e-3p)/T4
61 j@ i 8 —m=— | e+ PeakoccursatT>T,
E O hotQCD  Cut-off effects still most
4 L i preliminary evident in vicinity of peak
; - and just above.
) | %f - _
1 A
fg T [MeV]
O l l l l l l l

100 150 200 250 300 350 400 450 500
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Hadron Resonance Gas

At low temperatures, hadron resonances are operative
degrees of freedom. QCD thermodynamics is well-described

by a non-interacting hadron gas.

(6;43;9)]{%: )3 Z ) () K (ke T)

m; Ehad'rons

Heavier modes, though exponentially suppressed at low T,
still contribute because of sheer numbers.

Models based on the hadron resonance gas (HRG) explain
the relative particle abundances in heavy ion collisions quite
well.

Compare lattice data at low T with results from HRG.
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Low temperature E0OS

. 032 036 040 044 048 . gtjll some discrepancy
' | | Tr'o between hadron resonance

4
(e-3p)/T ' gas and EoS at low T.

« Some difference explained by
unrealistic mass spectrum —
hadron states are heavier than
IN nature — oversuppression

o Approximately 5 Mev shiftin T-
scale to adjust for unrealistic
hadron spectrum.

\l
I

130 140 150 160 170 180 190 200
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High temperature E0S

14 16 1.8

0.8

1.0 1.2

April 21-22, 2008

Nt = 4 decreases more quickly
than Nt = 6,8 — p, € approach
SB limit more quickly.

Phenomenological
parameterization:

€ 5P —i—l-i—I—c
% ) hight -7

Match to perturbation theory?
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Pressure, Energy, Entropy

Pressure is obtained by integrating interaction measure. Then, can
reconstruct energy density. Assume P(T =100 MeV) =0 — small

systematic error.

04 06 08 1

16 Trg

o
D@.’. ..‘ .E
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Pressure, Energy, Entropy

Pressure is obtained by integrating interaction measure. Then, can
reconstruct energy density. Assume P(T =100 MeV) =0 — small

systematic error.

S €+ P
T3 T4
04 06 08 1 12 14 16 0.4 0.6 0.8 1 1.2
16 | T T T Tro T T T SSB/T4 T T Tro\ T SSB\/Tg
14 mZ g ¢ o SR 20 | ST
Q.’o ® = i “n
12 t ot® n "
[
15 Oyl
10 |
g | T  Ng=4 — e |
6 —e— 10 p4: Ng=6 5
6 8 —m— 8 —m—
3p/T™: N;=4
4 r P T 6 . 5
|
2t 8 %
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Differences between p4 and
Asqgtad

e HotQCD collaboration: Nt = 8 with p4 and Asqgtad formulations.
* Independent formulations! Different O(a ") corrections!
 p4: Adds “knight’s move” term to fermion derivative

Slightly better dispersion relation, free-field results.

« Asqgtad : “Naik” term in fermion derivative, more complicated
gauge-link smearing and tadpole-improvement to improve flavor
symmetry.
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Differences between p4 and
Asqgtad

e HotQCD collaboration: Nt = 8 with p4 and Asqgtad formulations.
* Independent formulations! Different O(a ") corrections!
 p4: Adds “knight’s move” term to fermion derivative

Slightly better dispersion relation, free-field results.

« Asqgtad : “Naik” term in fermion derivative, more complicated
gauge-link smearing and tadpole-improvement to improve flavor
symmetry.

 p4: Tree-level improved gauge action.
* Asqgtad : One-loop improved, tadpole-improved Symanzik gauge
action.
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Differences between p4 and
Asqgtad

HotQCD collaboration: Nt = 8 with p4 and Asqgtad formulations.
Independent formulations! Different O(a ") corrections!

p4:. Adds “knight’s move” term to fermion derivative

Slightly better dispersion relation, free-field results.

Asgtad : “Naik” term in fermion derivative, more complicated
gauge-link smearing and tadpole-improvement to improve flavor
symmetry.

p4:. Tree-level improved gauge action.

Asgtad : One-loop improved, tadpole-improved Symanzik gauge
action.

p4: Scale setting with Sommer parameter r,, string tension o.
Asgtad : Scale setting with r, parameter.

Heavy quark potential well-known from hadron spectrum studies.
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Interaction Measure

0.30405060.708091011

10 [ [ [ [ [ [ [ [ [
(e-3p)/T* o
8 t asqtad: N;=6 -
3 LN —
6 | . p4: N=6 |
@ g —=
; % hotQCD
4L 5 it preliminary
L
B
L A .
I .
5 T [MeV]

O 1 I
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Interaction Measure

030405060708091.011 . 0 ot om0t
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Interaction Measure

(e-3p)/T*

: asqtad: N;=6

Trg

hotQCD

T [MeV]

i (a-3p)/T
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Pressure, Energy, Entropy
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p/e and Speed of Sound

LHC

p/e

P""l

2436 —e—
323 8(p4) - = -
32 8(asqtad) ~ ®

Convenient to eliminate T in
favor of € for p/e.

Good agreement between Nt
= 6, 8 p4 and Asqtad
calculations.

fit: p/e
0.15 - ..
HRG'les — Deviations at lowest
0.10 Ei' ) temperatures when compared
0.05 | ; with HRG.
€ [GeV/ImT] T
0.00 e SB limit:
1 10 100 1000 1
2 P
o dp  dpfe p Cs = — = 35
= = T e 3
de de €
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EoS at u#0

Dynamical lattice calculations done with zero chemical potential, i.e.
M=0 in fermion action. Incorporating finite chemical potential directly
IS numerically challenging.

Study effects of finite density via Taylor expansion about u=0.

D p Hq\® (s
fﬂﬂum%yzfﬂﬂu¢=ﬁm=ﬂ%+z}mﬂﬁ(%)(7)
2V}
Expansion coefficients ¢; ;(1') calculable on the lattice
Nt=4: O(u®) Nt=6: O(u?)
Quark number densities:

<nq,8>: d p
T°  OpgsT*

<T7 ,qu :uS)
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Pressure at finite yg

1.4

|
ApIT* (g = 0)
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Pressure at <n.> =0

L5 [ Ps=0 BB %g —=— ' ' 1 e+ Setting yug = 0 does not
: = —— . -
u2=225 —a— give <nS>—O
=3.00 o . .
2L n=012-075 = apmé 4 Heavy ion collisions have
Hg = 1.50 —e— zero net strangeness.
Hg = 2.25 +—a—
15 Hg = 3.00 —e— ® ¢ 9 e Tune Me to constrain net
& S
M strangeness to zero.
LT s, . * : > 7 e Pressure expansion in
+* N A = & p
oe et L . . . chemical potential
' %f“‘? 5 © o o e changes — corrections to
x o © L4
0 _ﬁﬁgi T W, ® pressure reduced

150 200 250 300 350 400 450 compared to pg =0
T/MeV

(ng) =0
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Conclusions

Improved staggered fermions necessary to reduce cut-off effects in
thermodynamic quantities.

RBC-Bielefeld lattice calculations of EoS with p4 action complete
with Nt = 4,6, under investigation at Nt = 8 with HotQCD
collaboration.

Preliminary results indicate that errors are under fairly good control
between Nt = 6, 8. Allows reasonable comparison at low T with
HRG model.

Excellent agreement between improved actions (p4, Asqgtad) give
further evidence that systematic errors are well-controlled.

Calculations at p#0 hopefully can give results that better
approximate conditions in heavy ion collisions.
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