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Resummation and screened perturbation theory  

I. INTRODUCTION

If we have a weakly-coupled quantum field theory in equilibrium at temperature T , we
should be able to use perturbation theory as a quantitative tool to study its properties. In
the case of a massless theory with coupling constant g, the naive perturbative expansion
in powers of g2 breaks down because of collective effects such as screening. However, the
perturbative expansion can be reorganized into a weak-coupling expansion in powers of g
either by using resummation methods or alternatively by using effective field theory. It
is reasonable to assume that this weak-coupling expansion provides a useful asymptotic
expansion for sufficiently small values of g.

Only in recent years has the calculational technology of thermal quantum field theory
advanced to the point where this assumption can be tested. Unfortunately, the assumption
seems to be false. One would expect the thermodynamic functions, such as the pressure,
to be among the quantities with the best-behaved weak-coupling expansion, since collective
effects are suppressed by several powers of g. However, in recent years, the thermodynamic
functions have been calculated to order g5 for massless scalar theories [1–3], abelian gauge
theories [4,5], and nonabelian gauge theories [1,6,7]. The weak-coupling expansions show
no sign of converging even for extremely small values of g. There is already a hint of the
problem in the g3 correction, which has the opposite sign and is relatively large compared
to the g2 coefficient. The large size of the g3 contribution is not necessarily fatal, since
it is the first term that takes into account collective effects. An optimist might still hope
that higher-order corrections would be well-behaved. This optimism has been dashed by the
explicit calculation of the g4 and g5 terms.

For a massless scalar field theory with a g2φ4/4! interaction, the weak-coupling expansion
for the pressure to order g5 is [1–3]
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where Pideal = (π2/90)T 4 is the pressure of an ideal gas of free massless bosons, α =
g2(µ)/16π2, and g(µ) is the MS coupling constant at the renormalization scale µ. In Fig. 1,
we show the successive perturbative approximations to P/Pideal as a function of g(2πT ).
Each partial sum is shown as a band obtained by varying µ from πT to 4πT . To express
g(µ) in terms of g(2πT ), we use the numerical solution to the renormalization group equation
µ ∂

∂µα = β(α) with a five-loop beta function [8]:

µ
∂
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α = 3α2 −
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3
α3 + 32.54α4 − 271.6α5 + 2848.6α6 . (2)

The lack of convergence of the weak-coupling expansion is evident in Fig. 1. The band
obtained by varying µ by a factor of two is not necessarily a good measure of the error, but
it is certainly a lower bound on the theoretical error. Another indicator of the theoretical
error is the deviation between successive approximations. We can infer from Fig. 1 that the
error grows rapidly when g(2πT ) exceeds 1.5.

2
g(2 T)

id
e
a
l

/

T 4 T(a)

0 1 2 3 4
0.9

0.92

0.94

0.96

0.98

1

id
e
a
l

/

g(2 T)

2
1 m

*
2m

*
(b)

0 1 2 3 4
0.9

0.92

0.94

0.96

0.98

1

Two Loop

Three Loop

One Loop

Two Loop

Three Loop

One Loop

FIG. 7. One-, two-, and three-loop SPT-improved pressure as a function of g(2πT ) for (a)
πT < µ < 4πT and (b) 1

2m∗ < µ < 2m∗.

three-loop band falling within the two-loop band. The bands for µ = am∗ are narrower
than those for µ = a(2πT ) partly because µ = a(2πT ) is larger and therefore closer to the
Landau pole of the running coupling constant. If g(2πT ) = 2, the Landau pole associated
with the five-loop beta function is far away at µ = 2.11 × 105(2πT ). If g(2πT ) = 4, the
Landau pole is rather nearby at µ = 5.49(2πT ). The coupling constant g(m∗) is smaller
than g(2πT ), having the values 1.76 and 3.07 if g(2πT ) = 2 and 4, respectively. Choosing
µ = am∗ instead of µ = a(2πT ) will therefore make the error due to the m4 terms in the
pressure smaller by factors of about 0.60 and 0.35 respectively. The band m∗/2 < µ < 2m∗

may therefore give an underestimate of the error of SPT.

B. Screening Mass

The one-loop SPT-improved approximation to the screening mass ms is simply the
solution m∗(T ) to the tadpole gap equation. A two-loop SPT-improved approximation can
be obtained by inserting the solution to the gap equation for m into (63). In Fig. 8, we show
the one-loop and two-loop SPT-improved approximations to the screening mass as functions
of g(2πT ). The bands are obtained by varying µ by a factor of two around the central values
µ = 2πT and µ = m∗.

The choice µ = am∗ appears again to give better convergence than µ = a(2πT ), with
the two-loop band falling within the one-loop band. With µ = am∗, there is a dramatic
improvement in apparent convergence over the weak-coupling approximations, which are
plotted on the same scale in Fig. 2. However, there is not much improvement in the apparent
convergence with µ = a(2πT ). The conservative conclusion is that screened perturbation
theory is not as effective in improving the prediction for the screening mass as it is for the
pressure.
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FIG. 1. Weak-coupling expansion to orders g2, g3, g4, and g5 for the pressure normalized to
that of an ideal gas as a function of g(2πT ).

A similar behavior can be seen in the weak-coupling expansion for the screening mass,
which has been calculated to next-to-next-to-leading order in g [3]:
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In Fig. 2, we show the screening mass ms normalized to the leading order result mLO =
g(2πT )T/

√
24 as a function of g(2πT ), for each of the three successive approximations to

m2
s. The bands correspond to varying µ from πT to 4πT . The poor convergence is again

evident. The pattern is similar to that in Fig. 1, with a large deviation between the order-g2

and order-g3 approximations and a large increase in the size of the band for g4.

There are many possibilities for reorganizing the weak-coupling expansion to improve
its convergence. One possibility is to use Padé approximants [9]. This method is limited
to observables like the pressure, for which several terms in the weak-coupling expansion
are known. Its application is further complicated by the appearance of logarithms of the
coupling constant in the coefficients of the weak-coupling expansion. However, the greatest
problem with Padé approximants is that, with no understanding of the analytic behavior of
P at strong coupling, it is little more than a numerological recipe.

An alternative with greater physical motivation is a self-consistent approach [10]. Per-
turbation theory can be reorganized by expressing the free energy as a stationary point of a
functional Ω of the exact self-energy function Π(p0,p) called the thermodynamic potential
[11]. Since the exact self-energy is not known, Π can be regarded as a variational function.
The “Φ-derivable” prescription of Baym [10] is to truncate the perturbative expansion for
the thermodynamic potential Ω and to determine Π self-consistently as a stationary point
of Ω. This gives an integral equation for Π which is difficult to solve numerically, except in
cases where Π is momentum independent. In relativistic field theories, there are additional
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Homework:  

For questions see me in my office, E6-124 


