Lecture 1: basics of lattice QCD

Peter Petreczky

Lattice regularization and gauge symmetry : Wilson gauge action, fermion
doubling

Different fermion formulations

Meson correlation function and Wilson loops

Scale setting, continuum limit and lines of constant physics (LCP)
Numerical simulations : path integral, quenched approximation
Improved actions and thermodynamics

The integral method and equation of state from lattice QCD




Finite Temperature QCD and its Lattice Formulation
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Integral over functions ‘ integral with very large (but finite)
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(O) = /deUM(x)O(detM[U])e_ Dz SG[U(%’)]’ Uy(z) = o190 A, ()

Quenched approximation : detM =1 continuum limit
N; — 00, Ny /Ny fixed
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Quarks and gluon fields on a lattice
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m/a d%p —iY, by +m
—r/a (2m)* 3, pg + m?
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fermion doubling !
16 d.o.f!




Wilson fermions

S = /m [zE Dy 1 — a%@z O v — mabth| Wilson (1975)
SV =9 DV ¢, [, =3za"

Dw(xa y) — 5m,y(4 + m) + Z(l _|_ 7#)5x+u,y T (1 T 'V,u)(saz—,u,y)
0

!

(p(2)h(z)) = Un(z) Ul ()
m/a _d*p —i), Ywhvtm'(p) 1y — 2r (2 Dua
I—W/a» (2m)* 32, pp+m/2(p) m'(p) = m+ 53, sin" (7))
E(p) . : :
chiral symmetry is broken even in the massless
case !
additive mass renormalization
1]
- ; Wilson Dirac operator is not bounded from below
a
SUR)y x SUR)a — SUB)v  (difficulties in numerical simulations 4

Discretization errors ~ a g2 , used for study of hadron properties, spectral functions



Staggered fermions

T@yTt@+p) =1-que) W@ =COTT0n @) =1
T(xz) = v1"2°73°74*
S]Scmgg =2z Za["?u(w);(oz(x)guXa(x) + mXa(x)xa(z)]

I omit index a and the sum ( 16 — 4)
Zx,y[i(x)Dstagg(xa y)x(v)], Dstag(xa Y) = dpym + ZM nu(z) (&c—l—u,y - 5:18—,u,y)

different flavors, spin componets sit in different corners of the Brillouin zone or in 4 hypercube

Z[)‘((:U)D(ac,y)x(y)] — 4-flavor theory U4y x U(4) 4 — Ue_o(1) C SUA(4)
x,y 4
x(x) = Upx(x), x(x) = x(@)Ul, Y z; even
>
x(@) = Uex(@), X(x) = x(x)US, > a; odd
1=1

(@) (@ 4+ 1) — x(@ — 1) = X(@)UIU(x(@ + 1) — x(@ — 1))

m () (x(@) = mX(2)UUox ()
| Dstagg|| > m useful in numerical simulations !



Chiral fermions on the lattice ?

Sk =a*Y4y ¥(@)D(x — y)i(y)
We would like the following properties for the lattice Dirac operator:

1. D(x) should be local, i.e. ||D(z)|| < Cexp(—vyx)

2. D(p) = iX,,vupu + O((ap)?) (cubic symmmetry)
3. no doubler exist, i.e. D(p) is invertible for p = 0O

4. v5D 4+ D~vs = 0 (chiral symmetry)

Nielsen-Ninomiya no-go theorem :
conditions one 1-4 cannot be satisfied simultaneously

Nielsen, Ninomiya (1981)

Wilson fermion formulation gives up 4)
Staggered fermion formulation gives up 3)



Ginsparg-Wilson fermions

vsD + Dvs =0

1yl

vsD™! + D7 1ys = a2Rns

vsD + Dvys = aD2RysD
R local operator ( R =1/2 in most of applications)

Ginsparg, Wilson (1982)

« anti-commutation properties are recovered in the continuum limit (a->0)
* the r.h.s. of the Ginsparg-Wilson relation is zero for the solutions

v

mildest way to break the chiral symmetry on the lattice : physical consequences of
the chiral symmetry are mantained ( e.g. chiral perturbation theory )



Generalized chiral symmetry and topology

() — P(x) + 6(x), ¥(x) — () + I (x)
0 = 117 v (1 — a%D)zpj(a:) flavor non — singlet

0; = v5(1 — a%D)wi(az) flavor singlet
S1); = 1%75(1 — a%D)igbanJL— flavor non — singlet

dp; = P;v5(1 — a%D) flavor singlet

GW relation :> 5(pDv) =0  Luescher (1998)

flavor singlet transformation :
dldydip] = Tr(aysD)[dpdip] = 2Ny (n——ny)[dipdy]
index(D) =n_ —ny
q(z) = AtrysD(z,z) -topological charge density
Hasenfratz, Laliena, Niedermeyer (1998)

for flavor non-singlet transformation Tr(aysDT%) = O no anomaly !



Constructing chiral fermion action |

Overlap fermions :

1 A Neuberger (1998
p=Ya__ A, ger (1998)
a vV AAT

using g Dyyg = DIU it can be shown that

v5D + D~y = aD~gD GW relation with R=1/2

no O(a?) -discretization errors

large numerical cost due to evaluation of (AAT)—1/2
(polynomial approximation), especially for gauge
field configurations which change topology

costs > 100x costs of Wilson formulations



Constructing chiral fermion action |l

Domain wall fermions : introduce the fictitious 5t dimension of extent Vs :

Sawf = = Lay,s,s Vo o (Dryds o + Dy g0z.y)2, s Shamir (1993)

Da:,y QZM((1+7M>Ux,u5g;+My+(]— 'Y,u)U:E,LL xr— ,uy‘l‘(M 4)5:By)

DS,S’ — (PR5$—|—1,S’ —l— PL(SS—].,S’ — 58,8/) —I— (PR(S]_’S/ —I— PL5N3—2,8/) —
(mPLcSNS_l,S/ —I— mPRao,Sl + 50,8/ —I— 5N3—1,8/)
Prrp=(1=%v5)/2

1 1—
e = +75%O_|_ ’75

Ns — oo two chiral fermions bounded to the 4d walls

mqg = mM(M — 2)

wx ,Ng—

costs = Ngx costs of Wilson formulations Ngs =16 — 32

Extensively used in numerical simulations : (see P. Boyle, 2007 for review) 10



QCD at finite baryon density

T he naive continuum prescription of introducing chemical poten-
tial by adding a term M/d%E@ZWow does not work !

_ _ 1 _ _
S = CL3 Z [mawxwx + paveyovr + 5 Z(wmw%w — ¢x—u7,uwx)
x %

2
e(p) ~ p?/a? instead of e(p) ~ p4

The correct prescription is

Uo(z) — elUp(z), U(z) — e MU ()
Hasenfratz, Karsch, PLB 125 (83) 308

S=@. e U= UyWso)+ Y @ U Wi =0 U Gy +am Y F3p,

1L
det M is complex => sign problem det M exp(-S)

cannot be a probability 1



Meson correlators and Wilson loops

Meson states are created by quark bilenear operators:

J(z,y;7) = ¥(r, a:)TFU(:E, Y)Y(7,y)
Fixes the quantum number of of mesons, I is one

Of the Dirac matrices

Most often one considers point operators x=y and their correlation function:

G(r) = (J()J(0)) = Y fae ™7, fa=|< 01 > |
n=1
decay constant

T—00:G(1) ~ fle_MlT

Consider static quarks :
(—i0r — gAo(7,2)) ¢¥(1,2) =0
formal solution ¢ (7,x) = P exp (ig /OT dr’' Ag(7, x)) Y(0,z) = L(7; 2)y (0, x)

-
lattice : L(7;xz) = H Up(z, xg)
xo=0 12



Static meson correlation function functions after integrating out the static quark fields:

G(1) = (J(r)JT(0)) = Tr[L(r; 2)U(z,y) LT (; y)U' (z,4)] = W (7, R)

A
- 7 X y
©.@)
We(r,R) = Y cpe” EnlT,
n=1
i ! - | |
tatic quark anti-quark potential
T — oo ground state Fq{ = V(R) dominates
0 X 4 > Y V(R)Z—a/R—I—qu
R

confinement String tension
Weo(r, R) = exp(—oRT),
area law for large R and 7

n=2 and larger : hybrid potentials 3



(

Numerial results on the potentials

Static quark anti-quark potential Hybrid potentials

IIIIIIIIIIIIIIIIIII
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TR0
NOOODO O
0o 01~
O1I O O100
OPROOOO
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dr

\/E ~ 470 MeV coov v A by
0 0.5 1 1.5 2
) = 1.65, rg = 0.468(4) fm r/(2r,)
T="rQ 1\

Sommer scale 14



Scale setting in lattice QCD and continuum limit

Hadron masses in lattice QCD are dimensionless: m=m a

phys

Continuum limit: « — 0
m—0 = = 1/m — oo divergent correlation length = second
order phase transition (universality)

Physics does not depend on the details on the regularization, e.g
dimensionless ratios :
rom, m/\o

Should be independent of the lattice spacing

The gauge coupling constant depends on the lattice spacing:

150 g0 (3=6/¢% +0) ah=R(g) = (Bog)~1/2P0)e 707

T here are corrections to this asymptotic expression ~ gQ”aQ", n=12..

al\ = coR(g)(1 4 c29?°R?(g) + cag*R*(g) + ...)
Allton Ansatz

We need to tune the bare quark mass my,-. On lattice to keep the physical

ratio mmeson/+/o fixed for each g:
= Mpgre = mbarp(g) defining the line of constant physics (LCP).



Lattice QCD calculations

(0) = / DA DP|0e J0 TPLGED 4,05 = Au(B.%) ¥(0,%) = —(B.)
O = OG[UM] (1;:61@0332---)
©0) = [ 11, ,4Uu (@) DWstbrl OC W) (B thry-.Ye 2o Sl Lo ¥ ) DUk )
(0) = [ 1, 4Uu(@)OMU) (D3, U] ) (det DUy, m, ul)"f e~ 2 S lUn(2)]

Staggered fermions : we get 4n; flavors to get 1-flavor replace n; by "4 (rooting trick)

u=20 » Monte-Carlo Methods, importance sampling: {Uzb(x)},i =1,..,.N
N

e L Gyri 1 i
©)= Jim 5 3 S WL DFL(U}).)
pu#= 0 : detDg(U,m,u) complex » sign problem

Quenched QCD: detDy(U,m,u) =1
continuum limit a — O - -
T = 1/(aN;), Nr — 0o, Ng/N» fixed Costs:  ~a~ " ~ Nz, m

improved discretization schemes are needed:
p4, asqgtad, stout, HISQ

—1

16



Improved gauge action

1
S/(L%;jl) (Qj) == ]_ - NRe TI.UCU,MUIB‘F/},VU;_—I—ﬁ,ILLU;:V
1 1
— —ﬁg2a4 (FM,VFM,V + EaQFM,V(afL +02)F,,
+O(a4)> . T
can be eliminated by adding
larger loops
im 1
s = [ i) 3 (1 Rem )
T, u<v [,V
+ c1(g°) Z (1 — %ReTr ()
T, u<v . [,y
O(g°a?)

=53 A =_1/6



Improved staggered fermion actions

Standard staggered action has discretization errors ~ a? Heller, Karsch, Sturm,
Eliminate those using higher order difference scheme PRD60 (1999) 114502

Sp=m) x(@)x(z) + ) > nu(@)Xx @) c10x(@~+p) — x(@— ) +
T T W

+c3.0 (x(z + 3p) — x(x —3p))

dcapx@+p+2v) —x(@—p+2v)) +x(x 4+ p—2p) — x(@ —p—2p) ]
VFEL

—1 3, Yl (p) +m

Free quark propagator: su(p) = sin(py)
d Propag D) (p) + m? cu(p) = cos(p,)
0 0 0
hu(p) = 25.(0) [0 +2 i Y e (2p)] +2 3su(3p)
vE
DO(p) =3 hu(p)hu(p) = AplA (A +2B1p2 +2B> > pi) +O(p°)
% % VEN
A = 205?% + 1265(2 + 6c§?3 B, = —lc(o) — 205?% — 9c§?()) By = —865(’)%

, 3 0
The different staggered which flavors sit in different corners of the Brillouin zone
Are completely equivalent in the free theory => flavor symmetry
Not the case in the interacting theory:
exchange with gluons with momenta ~ 17/a can change the quark flavor (taste) as
it brings it to another corner of the Brillouin zone 18



Rotational symmetry at order p?: B, = B, A+ 27 W +6 % = 24 &9
Cio éoé + Cso ———O——>—> Naik action:
0 430 16 = =
Normalization: €10+ 3 3 o+ 6 ¢ = 1/2 0716 07 TR

+ + C 4 action:
Cro Px © 12 P
©_3 ©_1
C1,0 g C1,2 48
6x4x2

Taste symmetry improvement: Orginos et al, PRD60 (1999) 054503

no taste breaking at ©(g2a?)
Fat (smeared) link: = = ‘ “,

Projection to U(3) => HISQ action

i




Why improved actions ?

Pressure of the ideal gluon gas Pressure of the ideal quark gas
24 T T T T
« pasiui R
1.4 0 )(N )/fgz))nt 221 o ﬁ/T;O:O, m/T;1:O o
Nl \ WT=1.0,m/T=1.0 —s—
18|
standard action
16} \

1.4+ ‘\

1.2 +

i
@

1+

0.8

06 r

0.4

2 4 6 8 10 12 14 16 18 20

p(N7) _ , 1143 =

=1 5a0 (N >4+ﬁ(1+6528c30)<—> +O(N-©)

c3zg = O for p4, c3g = —1/48 for Naik 20



Mass splitting of pseudo-scalar mesons

Only one out of 16 PS mesons has zero mass in the chiral limit, the quadratic mass
splitting is the measure of flavor symmetry breaking

asqtad HISQ
25 ; i : . :
| 5mZ, /(200MeV)? 0T (m2ma?)(200 Mevy?
: | ' Tols —
20 1 —=— 1 8¢ s —e—
P2 & e iy = I
3. P e Ul —— I 1
15 - 4 g ' ."“’-"’&,M,-— P 6 L q;g —— ! {
- S S _ 1 of 3
[ 6 e P R stout, Tty —B— # !! £
100 7 o o A I 4l stout 7y —e— ¥ 1
| P ___________________________ l' s
P A, . & '; .! n
5 | | 2 t ° Lt 0 f
: ® g I....
: ; =] L] 22 [fmz]
0 - b 1 . | , | L 1 . ] .
0 0.02 0.04 0.06 0.08 0 0.02 0.04 0.06

PS meson splittings in HISQ calculations are reduced by factor ~ 2.5 compared to asqtad
at the same lattice spacing and are even smaller than for stout action => discretizations effects
for N,=8 HISQ calculations are similar to those in N,=72 asqtad calculations

21



Glossary of improved staggered actions

p4 = std. staggered Dslash with 3-step (fat3) link +p4 term

asqtad = std. staggered Dslash with 7-step (fat7) link + Naik term

HISQ = std. staggered Dslash with re-unitarized doubly smeared 7-step (fat7) link
stout = std. staggered Dslash with re-unitarized doubly smeared 3-step (fat7) link

600

RMS M. [MeV]

500 r
HISQ/tree @

stout v
asqtad H

400 r

300 r

200 r

100 |

a [fm]
0 0.05 0.1 0.15 0.2

p4, asqtad, HISQ, stout

0

22



Integral method: bulk thermodynamics in SU(3) gauge theory

In Monte-Carlo simulations In Z(T) cannot be determined but only its derivatives

Boyd et al., Nucl. Phys. B496 (1996) 167

omnzZ(E) 1 0

/ DUe P = _ < g, >

o8  Z(B)op
B(T) (0] o — B
v = [ (P O EEE O = [ (50 - (o))
_ _9p
s=(e+p)/T=—
e—3p ,.d (p\ _ dﬁ@p/T4_ dp\ Op/ T
4 —Lyr (ﬁ) = LT o8 _(ada> BY
Il

computational cost go as Nf because of the vacuum subtraction -




large cutoff effects !

1 Boydetal., Nucl. Phys. B496 (1996) 167
| 3 T T T | 1 T ]
s N_=4
. L /7" -
J 6L tE ——— — — — — ]
B

B 5 ,/"’H o F____;,__:_T—_—:_—_—_—;i_—_
i ’ ///,,;f;f""
. 4+ : //"/ |
. 1
| sk _

|
1L _
| |
I |
J ' T/TC

0 A ! | | | I | |

1.2 1 2 3 4 5

the free gas limit overestimates cutoff effects

Wilson gauge action @~ discretization errors => 1/NT2 corrections

to the pressure

24



Boyd et al., Nucl. Phys. B496 (1996) 167
Wilson gauge action

continuum extrapolation

INNNNNNN N RNNNY

2.0
1.8
1.6
1.4
1.2
1.0
0.8
0.6
0.4
0.2
0.0

Karsch et al, EPJ C 6 (99) 133
Luescher-Weisz gauge action:
large reduction of cutoff effects

(1x1), N.=4
(2x2), N =4
(1x2), N =4
(1x1), cont

(1X2)45q> N=4

—

T/T




