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1. Black holes
Black holes have a temperature [Hawking 1975]:

T =
g

2π

~
ckB

=
g

9.8 m/s2
3.9× 10−19 K . (1)

rH

ho
riz

on

test mass

g

singularity
r 2πH

g is the surface gravity at the hori-
zon:

g =
GNM

r2
H

rH =
2GNM

c2
.

(2)
Putting everything together,

T =
~c3/kB

8πGNM
. (3)

If M = 3Msun, then

T ≈ 2× 10−8 K . (4)
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Hereafter I set ~ = c = kB = 1.

General Relativity says that constant gravity is like constant acceleration. So we ex-
pect

T =
a

2π
(5)

for observers with constant (proper) acceleration a. Can we understand where (5)
comes from?

http://upload.wikimedia.org/wikipedia/commons/9/95/Elevator gravity2.png
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Constant proper acceleration: x = ρ coshφ t = ρ sinhφ a = 1/ρ.
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∆φ

constant

e
−iH 

ρ=0

Acclerating observer

∆φ

−iH 

ρ

t

x

φ
constant

e

Observers can’t see this part of spacetime

Observers can’t affect this part of spacetime

ds2 = −dt2 + dx2 = −ρ2dφ2 + dρ2 . (6)
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A dimensionless Hamiltonian H steps us in increments of φ.

To continue to Euclidean signature, set φE = iφ. Then ds2
E = ρ2dφ2

E + dρ2.

After Wick rotation

ρ=0

co
nsta

nt

φconstant

e
−H ∆φ

E

e
−H ∆φ

E

E

ρ

To avoid a singularity at ρ = 0, we should identify φE ∼ φE + 2π, which means
T = 1/2π with respect to dimensionless “time” φ.
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Proper time τ measured by an accelerating observer at fixed ρ is not φ but ρφ.

e

constant
x

!
constant

"

e
−iH 

"=0

Acclerating observer

#!

−iH #!

t

Observers can’t see this part of spacetime

Observers can’t affect this part of spacetime

#$ = " #!

So dimensionful temperature is

T =
1

2πρ
=

a

2π
. (7)



Strings hot or cold, Gubser, 3-10-09 8 2 D3-branes

2. D3-branes
Most black holes in string theory are variants of the electrically charged black hole,
which has zero temperature if Q = M in Planck units.

horizon

singularity

uncharged
black hole

S2

AdS2

charged
black hole

E

The horizon of the charged black hole is infinitely far down the throat, which has
asymptotically constant size. And there is no singularity!

Some of the objects in string theory bend spacetime into similar shapes—but with
more dimensions. D3-branes are my favorite example:
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D-brane representation: Strings can
run from one D3-brane to another.

t

x,y,z

D3

D3

D3se
pa

ra
tio

n
fa

ke
Geometrical representation: D3-
branes infinitely far down the throat
of a “black brane.”

D3

The black brane de-
scription works best
when there are many
branes (say, N � 1
D3-branes) on top of
one another.

Another view of the black brane geometry: S5 sur-
rounds the D3’s; t and ~x are along the D3’s.

r

t, x

S
5

E
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D3-branes are my favorite because the strings running between them act as gluons
inN = 4 supersymmetric SU(N) Yang-Mills theory (SYM):

L = − 1

2g2
YM

trF 2
µν + (superpartners) . (8)

This is like the lagrangian of QCD, except that the quarks of QCD are replaced by
the superpartners (4 Majorana adjoint fermions plus 6 real adjoint scalars).

The geometry near D3-branes is AdS5−Schwarzschild× S5:

ds2 =
L2

z2

(
−hdt2 + d~x2 +

dz2

h

)
+ L2dΩ2

5 where h = 1− z4

z4
H

. (9)

From black hole calculations (e.g. T = g/2π),

T =
1

πzH

ε

T 4
=

3π2

8
N 2 =

3

4

εfree
T 4

(10)

Black hole description is valid when N � 1 and g2
YMN � 1.
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AdS/CFT maps a thermal bath to a black hole in five or ten dimensions.

D3

t, x1

x , x 32

z

Thermal N=4 SYM

5

R
3,1

AdS

horizon

Could finite temperature QCD be thought of in a similar way? If αs ≡ g2
s

4π ≈ 1/2,
then

N = 3
?
� 1 g2

sN = 12παs ≈ 19 � 1 . (11)
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Also, lattice shows ε/εfree < 1 for T > Tc ≈ 170 MeV.

3

4 4
T

SB
ε

Equation of state of QCD from lattice simulations. SB refers to the free theory. From [Karsch 2002].

So, maybe we can at least make some approximate comparisons between strongly
coupled SYM and deconfined QCD.
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BEFORE collision AFTER collision [UrQMD]

3. Heavy ion collisions
The Relativistic Heavy Ion Collider (RHIC) collides gold on gold, so 394 nucleons
total.

• Total center of mass energy is about 39 TeV.

• Roughly 5000 charged particles emerge.

• What happens during the collision?
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Nuclei probably melt into a plasma of quarks and gluons (the QGP). But the inter-
actions among the quarks and gluons may be hard to describe perturbatively.

new strong−coupling
methods needed?

weak coupling, pQCD

endpoint
critical

thermalization

µ
color−flavor
locking

color superconductor

170 MeV

1 GeV

T

confinement

nuclear matter

hadronization QGP

heavy−ion
collision

chiral symmetry breaking

A heavy-ion collision traverses the QCD phase diagram. See e.g. [Rajagopal 2000].
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Mark D. Baker

Elliptic Flow: A collective effect

dN/d(! "#R ) = N0 (1 + 2V1cos (!"#R) + 2V2cos (2(!"#R)) + ... )

Elliptic flow

Beam’s eye view of a

non-central collision:

Particles prefer to be “in plane”:

!

$

!
Cartoon of elliptic flow. From [Baker 2001].

Measurements of anisotropies of particle production around the beamline fit well to
a hydrodynamic treatment of the expanding QGP, provided viscosity is small:

0 <∼
η

s
<∼ 0.2 , (12)

in accord with a calculation for D3-branes at large N and g2
YMN :

η

s
=

1

4π
. (13)

It’s hard to see how to satisfactorily account for η/s� 1 starting from pQCD.

The favorable comparison of a strong coupling calculation (13) with the data-driven
bound (12) is now cited as a reason to believe the QGP is strongly coupled.
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4. Heavy quarks in the QGP
If a heavy quark (c or b) is produced inside the QGP, does it escape? It depends on
its relaxation time tcharm:

charm t charm

D
+ Κ0

νe
thise+

detect

t

τ = 0.3mmc

c

P

c

QG

STAR and PHENIX can detect the e+, which carries roughly 1/2 the momentum of
the c quark when it escapes.
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Early pQCD estimates indicated tcharm ∼ 10 fm [van Hees and Rapp 2005]. So it
was a surprise that data is more consistent with tcharm = 3− 6 fm.

RAA is, roughly, the fraction
of charm quarks that escape
with a given pT .

v2 measures how much charm
quarks respond to anisotropic
expansion of QGP.

Big v2 and small RAA go to-
gether.

Red dotted line: tc ≈ 8 fm.
Red dash-dot line: tc ≈ 2 fm.
Pink region: tc ≈ 4.5 fm.
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FIG. 2: RAA of heavy-flavor electrons with pT above 0.3 and
3 GeV/c and of π0 with prmT > (4 GeV/c as function of
centrality given by Npart. Error bars (brackets) depict sta-
tistical (point-by-point systematic) uncertainties. The right
(left) box at RAA = 1 shows the relative uncertainty from the
p+p reference common to all points for prmT > 0.3(3) GeV/c.

measurement is added for minimum bias events.

Figure 1 shows the invariant pT spectra of electrons
from heavy-flavor decay for minimum bias events and in
five centrality classes. The curves overlayed are the fit
to the corresponding data from p+p collisions [18] with
the spectral shape taken from a FONLL calculation [17]
and scaled by the nuclear overlap integral 〈TAA〉 for each
centrality class [6]. The insert in Fig. 1 shows the ratio
of electrons from heavy-flavor decays to background. It
increases rapidly with prmT , reaching one for prmT ≈
1.5 GeV/c, reflecting the small amount of material in the
detector acceptance. It is this large signal to background
ratio which makes the accurate measurement of heavy-
flavor electron spectra and vHF

2 possible.

For all centralities, the Au+Au spectra agree well with
the p+p reference at low pT but a suppression with
respect to p+p develops towards high prmT . This is
quantified by the nuclear modification factor RAA =
dNAu+Au/(〈TAA〉dσp+p), where dNAu+Au is the differ-
ential yield in Au+Au and dσp+p is the differential cross
section in p+p in a given pT bin. For prmT < 1.6 GeV/c,
dσp+p, is taken bin-by-bin from [18], whereas a fit to
the same data (curves in Fig. 1) is used at higher prmT ,
taking the normalization uncertainty into account. Sys-
tematic uncertainties in dσp+p and TAA are included.

Figure 2 shows RAA for electrons from heavy-flavor
decays for two different pT ranges as a function of the
number of participant nucleons, Npart. For prmT >
0.3 GeV/c, which contains more than half of the heavy-
flavor decay electrons [18], RAA is close to unity for
all Npart in accordance with the binary scaling of the
total heavy-flavor yield [19]. For prmT > 3 GeV/c,
the heavy flavor electron RAA decreases systematically
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0-10% central(a)
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T

, p2 v0!

HF
2
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FIG. 3: (a) RAA of heavy-flavor electrons in 0-10% central
collisions compared with π0 data [6] and model calculations
(curves I [30], II [31], and III [32]). The box at RAA = 1 shows
the uncertainty in TAA. (b) vHF

2 of heavy-flavor electrons in
minimum bias collisions compared with π0 data [29] and the
same models. Errors are shown as in Fig. 2.

with centrality, and it is larger than RAA of π0 with
prmT > 4 GeV/c [6]. Since above 3 GeV/c electrons
from charm decays originate mainly from D mesons with
pT above 4 GeV/c this comparison indicates a slightly
smaller high pT suppression of heavy-flavor mesons than
observed for light mesons.

Figure 3 shows the measured RAA and vHF
2 of heavy-

flavor electrons in 0-10% central and minimum bias col-
lisions, and our corresponding π0 data [6, 29]. The latter
are restricted to pT ranges where RAA and v2 of π0 do
not depend strongly on pT such that a comparison of
heavy-flavor electrons and π0 is not obscured by decay
kinematics. The data indicate strong coupling of heavy
quarks to the medium. The suppression is large and sim-
ilar to that of π0 for prmT > 4 GeV/c where a significant
contribution from bottom decays is expected. The large
vHF
2 shows that the charm relaxation time is compara-

ble to the short time scale of flow development in the
produced medium.

More quantitative statements require theoretical guid-
ance. Figure 3 compares the RAA and v2 of heavy-flavor
electrons with models calculating both quantities simul-
taneously. A perturbative QCD calculation with radia-
tive energy loss (curves I) [30] can describe the measured
RAA reasonably well using a large transport coefficient
q̂ = 14 GeV2/fm, which leads to a consistent descrip-
tion of light hadron suppression as well. This value of q̂

RAA and v2 for heavy quarks. pT is for a non-photonic electron. From [Adare et al. 2006].
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5. The trailing string
In D3-brane picture, a heavy quark is represented as a long string ending on a brane:

Two views of a stationary string ending on a D3-brane.

D3
zAdS

5

R
3,1

t, x1

x , x 32

Thermal N=4 SYM

q

horizon

Horizon is “sticky” because
infinite red-shift prevents string
from moving where it crosses the
horizon.

So when string moves, it trails out
behind the quark.

A string trails out behind a moving quark

R
3,1

h
AdS

5

v
q

fundamental stri
ng

T
mn

mn

horizon
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Classical shape of the string leads directly to

dp

dt
= Fdrag −

π
√
λ

2
T 2 v√

1− v2
≈ −π

√
λ

2
T 2 p

m
. (14)

So momentum falls off exponentially:

dp

dt
= − p

tquark
where tquark =

2

π
√
λ

m

T 2
. (15)

Now, how do we relate tquark to tcharm?

1. There are 3× as many degrees of freedom inN = 4 SYM as in QCD.
Surely Fdrag should be somehow rescaled as a result.

2. λ = g2
YMN is a free parameter in SYM. In QCD, λ = 12παs runs with energy

scale. How do we match one to the other?

A proposal:

1. Compare QCD and SYM at fixed energy density, not temperature.

2. Deduce a value for λ by comparison with lattice data on q-q̄ potential.
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TSYM ≈ 190 MeV ↔ TQCD = 250 MeV

0.1 0.25 0.5 1

r

-0.2

0

0.2

0.4

0.6

Α

0.1 0.25 0.5 1

-0.2

0

0.2

0.4

0.6

a! TSYM " 190 MeV

0.1 0.25 0.5 1

r

-0.2

0

0.2

0.4

0.6

Α

0.1 0.25 0.5 1

-0.2

0

0.2

0.4

0.6

b! TSYM " 250 MeV

. (fm)

αqq̄ compared between QCD and SYM

Lattice studies of q and q̄ at
fixed separation r lead to the
definition

αqq̄(r, T ) ≡ 3

4
r2∂Fqq̄

∂r
.

Lattice data is from [Kacz-
marek and Zantow 2005], for

T ≈ 209, 233, 255 MeV .

fundamental

R

AdS
5

string

3,1

horizon

z

t,x
qq

q-q̄ potential as computed from string theory

Similar calculation in string
theory at T = 0 gives

αSYM ≡
3

4
r2∂Vqq̄
∂r

=
3π2
√
λ

Γ(1/4)4
.

T 6= 0 results in some Debye
screening.
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The upshot: λ ≈ 5.5, leading to a prediction from the trailing string,

tcharm ≈ 2.1 fm for TQCD = 250 MeV . (16)

Maybe a little on the small side... But a recent study [Akamatsu et al. 2008] indicates
data may be (almost) consistent with it.

10

 [GeV]
T

p
0 1 2 3 4 5 6 7 8 9 10

A
A

R

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8
=0.3!
=1.0!
=3.0!

PHENIX(0-10%)
STAR(0-5%)

 ±(a) b=3.1fm, c+b->e

 [GeV]
T

p
0 1 2 3 4 5 6 7 8 9 10

A
A

R

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

=0.3!
=1.0!
=3.0!

PHENIX(10-20%)

 ±(b) b=5.5fm, c+b->e

FIG. 9: (Color online) Comparison of RAA in our hydro + heavy-
quark model with the experimental data [4, 5]. The Au+Au col-
lision with the impact parameter (a) 3.1 fm and (b) 5.5 fm, both
in mid-rapidity, |yp| ≤ 0.35. The drag coefficient is chosen to be
γ = 0.3, 1.0, and 3.0 indicated by different colors. The freezeout
condition is taken to be f0 = 1.0, 0.5, and 0.0 which correspond
to upper, middle, and lower points, respectively, within the same
color. As for error bars in experimental data, we only plot the
statistical errors [4, 5].

mentum electrons are not sensitive to the modification of
the heavy quark spectrum due to diffusion. On the other
hand, the electrons with high pT originate mainly from
high pT heavy quarks and thus they are sensitive to the
spectral change of heavy quarks.

In Fig. 8(d), the number of electrons from bottom di-
vided by that from charm+bottom for Au+Au collision
is shown as a function of electron’s pT together with that
for p+p collision. In both p+p and A+A, more than 50%
of electrons come from the bottom for pT > 3 GeV. Fur-
thermore, the ratio increases as the drag force becomes
stronger. The kink structure of RAA at pT ∼ 1 - 2 GeV
in Fig. 8(c) is understood by the fact that the dominant
contribution to the electrons changes rapidly from the
charm to the bottom.

Finally we compare our numerical results with exper-
imental data [4] in Fig. 9. Here we show two cases of
impact parameters 3.1 fm (0-10% centrality) and 5.5 fm
(10-20% centrality) at mid-rapidity. The systematic er-
rors due to the freezeout condition of heavy quark are
represented by the three plots with the same color. Re-
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0.12
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0
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FIG. 10: (Color online) Comparison of v2 in our hydro + heavy-
quark model with experimental data [4] in mid-rapidity (|yp| ≤
0.35). Experimental data of v2 is obtained in minimum bias anal-
ysis, while our theoretical values of v2 are evaluated at impact pa-
rameter 5.5 fm as a representative. The drag coefficient is chosen
to be γ = 0.3, 1.0, and 3.0 and the freezeout condition is f0 = 0.5.
As for error bars in experimental data, we only plot the statistical
errors [4].

call that the comparison of our results and experimen-
tal data is only reliable for pT > 3 GeV as discussed
in Sec. III B 1 and that bottom quarks are the dominant
source of electrons in this region.

Although definite conclusion cannot be made from the
present comparison, it is likely that the intermediate to
large value of the drag coefficient γ = 1.0 - 3.0 is favored
especially for small impact parameter. This number is
rather close to the value γ = 2.1±0.5 predicted from the
AdS/CFT correspondence (see Eq. (11)). We should re-
mark, however, that the radiative energy loss [7, 18] and
the relativistic diffusion via resonances combined with
quark coalescence [17] would be legitimate alternatives
to describe the data, so that further systematic compar-
ison of the data and theoretical calculations is called for.

2. Elliptic flow v2

We show our theoretical v2 of electrons in Fig. 10 as a
function of pT together with the experimental data [4].
Our v2 does not depend much on the strength of the
drag force for pT > 3 GeV and stays small. Due to the
poor statistic of both our simulation and the experimen-
tal data in the relevant region, it is not clear whether
theory and experiment are consistent with each other or
not. Although it is still preliminary, recent PHENIX data
show large v2 = 0.05 - 0.1 with small errors for 3 < pT < 5
GeV at collisions with corresponding centrality [26].

V. SUMMARY AND CONCLUDING REMARKS

In this paper, we have examined the diffusion of
heavy quarks in the dynamical QGP fluid on the ba-

tcharm ∝ 1/γ, and γ ≈ 2 is the trailing string prediction. (γ 6= 1/
√

1− v2.)
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A distinctive difference [Horowitz and Gyulassy 2007] between pQCD and AdS/CFT
predictions from RHIC to LHC energies comes from

Rcb
AA ≡

Rb
AA

Rc
AA

∼


tbottom

tcharm
≈ mcharm

mbottom
for AdS/CFT

1− pcb/pT for pQCD, pcb ∝ q̂L2
(17)

3

case of a geometric path average over a static, finite, uni-
form plasma of thickness L; then

RQ
AA(pT ) =

1− enQµQL

nQµQL
≈ 1

nQµQL
, (2)

where the pT dependence is carried entirely by the spec-
tral index nQ(pT ). RAA can be interpreted for L# !Q ≡
1/(nQµQ) as the fraction !Q/L of the Q jets that escape
unstopped from the strongly coupled plasma within the
AdS/CFT approximation.

FIG. 2: The double ratio of Rc
AA(pT ) to Rb

AA(pT ) predictions
for LHC using Eq. (1) for AdS/CFT and WHDG [25] for
pQCD with a wide range of input parameters. The generic
difference between the pQCD results tending to unity con-
trasted to the much smaller and nearly pT -independent results
from AdS/CFT can be easily distinguished at LHC.

Two implementations of pQCD energy loss are used in
this paper. The first is the full WHDG model convolving
fluctuating elastic and inelastic loss with fluctuating path
geometry [25]. The second restricts WHDG to include
only radiative loss in order to facilitate comparison to
[30]. Note that when realistic nuclear geometries with
Bjorken expansion are used, the “fragility” of RAA for
large q̂ reported in [36] is absent in both implementations
of WHDG.

Unlike the AdS/CFT dynamics, pQCD predicts
[23, 24, 25] that the average energy loss fraction
in a static uniform plasma is approximately ε̄ ≈
κL2q̂ log(pT /MQ)/pT , with κ a proportionality constant
and q̂ = µ2

D/λg. The most important feature in pQCD
relative to AdS/CFT is that ε̄pQCD → 0 asymptotically
at high-pT while ε̄AdS remains constant. nQ(pT ) is a
slowly increasing function of momentum; thus RpQCD

AA
increases with pT whereas RAdS

AA decreases. This generic
difference can be observed in Fig. 1, which shows repre-
sentative predictions from the full numerical calculations
of charm and bottom RAA(pT ) at LHC.

Double Ratio of charm to bottom RQ
AA A disadvantage

of the RQ
AA(pT ) observable alone is that its normaliza-

tion and slow pT dependence can be fit with different
model assumptions compensated by using very different

medium parameters. In particular, high value extrapola-
tions of the q̂ parameter proposed in [26] could simulate
the flat pT independent prediction from AdS/CFT.

We propose to use the double ratio of charm to bot-
tom RAA to amplify the observable difference between
the mass and pT dependencies of the AdS/CFT drag
and pQCD-inspired energy loss models. One can see in
Fig. 2 that not only are most overall normalization dif-
ferences canceled, but also that the curves remarkably
bunch to either AdS/CFT-like or pQCD-like generic re-
sults regardless of the input parameters used.

The numerical value of Rcb shown in Fig. 2 for
AdS/CFT can be roughly understood analytically from
Eq. (2) as,

Rcb
AdS ≈

Mc

Mb

nb(pT )
nc(pT )

≈ Mc

Mb
≈ 0.26, (3)

where in this approximation all λ, T ∗, L, and nc(pT ) ≈
nb(pT ) dependences drop out.

The pQCD trend in Fig. 2 can be understood qualita-
tively from the expected behavior of ε̄pQCD noted above
giving (with nc ≈ nb = n)

Rcb
pQCD ≈ 1− pcb

pT
, (4)

where pcb = κn(pT )L2 log(Mb/Mc)q̂ sets the relevant mo-
mentum scale. Thus Rcb → 1 more slowly for higher
opacity. One can see this behavior reflected in the full
numerical results shown in Fig. 2 for moderate suppres-
sion, but that the extreme opacity q̂ = 100 case deviates
from Eq. (4).

The maximum momentum for which string theoretic
predictions for Rcb can be trusted is not well understood.
Eq. (1) was derived assuming a constant heavy quark
velocity. Supposing this is maintained by the presence
of an electromagnetic field, the Born-Infeld action gives
a “speed limit” of γc = M2/λ(T ∗)2 [37]. The work of
[19] relaxed the assumptions of infinite quark mass and
constant velocity; nevertheless Eq. (1) well approximates
the full results. Requiring a time-like endpoint on the
probe brane for a constant velocity string representing a
finite mass quark leads to [21] a parametrically similar
cutoff,

γc =
(

1 +
2M√
λT ∗

)2

≈ 4M2

λ(T ∗)2
. (5)

There is no known limit yet for the dynamic velocity
case. To get a sense of the pT scale where the AdS/CFT
approximation may break down, we plot the momentum
cutoffs from Eq. (5) for the given SYM input parameters
corresponding to T ∗(τ0) and T ∗

c . These are depicted by
“O” and “|” in the figures, respectively.

Conclusions Possible strong coupling deviations from
pQCD in nuclear collisions were studied based on a recent

• Different curves
correspond to
different initial
conditions.

• Initial conditions
affect Rc

AA and
Rb
AA about the

same.

• So Rcb
AA is a fairly

clean distinguish-
ing observable.

But beware uncertainty on the limits of validity of AdS/CFT.
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Gravitons emitted by the trailing
string tell us where the lost energy
goes.

We can, for example, compute the
Poynting vector Sm = 〈T 0m〉.

R
3,1

h
AdS

5

v
q

fundamental stri
ng
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mn
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Quark is at X1 = Xp = 0.

• A sonic boom appears when
v > 1/

√
3.

• A diffusion wake is always
present.

• String theory calculation ex-
tends to non-hydrodynamical
regime close to the quark.

• X = 1 corresponds to about
0.25 fm.



Strings hot or cold, Gubser, 3-10-09 24 5 The trailing string

Away-side Angular Correlations in pQCD vs. AdS/CFT Barbara Betz
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Figure 2: (Color online) The (normalized) momentum weighted bulk flow angular distribution (left panel)

and Cooper-Frye freezeout (right panel) for a jet with v = 0.58 (black), v = 0.75 (magenta), and v = 0.90
(blue) comparing a pQCD and AdS/CFT string drag model. The red line with triangles represents the Neck

contribution for a jet with v= 0.9 and the arrows indicate the location of the ideal Mach-cone for cs = 1/
√
3.

The negative yield in the lower right panel is due to the presence of the vortices discussed in the text.

Ref. [7] is also clearly seen but its amplitude relative to the mostly forward diffusion plus Neck

contribution is much smaller than in the AdS/CFT case. However, when v = 0.58 the finite angle

from the Mach cone is overwhelmed by the strong bow shock formed in front of the quark, which

itself leads to small conical dip not at the ideal Mach angle (black arrow). The bottom left panel in

Fig. 2 shows that in the AdS/CFT case more cells are pointing in a direction near the Mach cone

angle than in the forward direction (diffusion wake) when v= 0.9 and v = 0.75. The red line with

triangles in the bottom panel of Fig. 2 shows that the relative magnitude of the contribution from

the Neck region to the final bulk flow result in AdS/CFT is much smaller than in pQCD. However,

note that small amplitude peak in the AdS/CFT Neck curve is located at a much larger angle than

the corresponding peak in the pQCD Neck, as one would expect from the transverse flow shown

Fig. 1. Moreover, for all velocities studied here, a peak occurs in direction of the trigger particle,

representing the backward flow that is always present vortex-like structures created by the jet as

discussed in detail in Ref. [11].

The right panel of Fig. 2 shows our normalized CF freeze-out results for the associated away-

side azimuthal distribution for light hadrons with v = 0.58,0.75,0.9 at mid-rapidity and pT =

5% T0 ∼ 3.14 GeV. The pQCD angular distribution displays only a sharp peak at & = % for all

velocities. Note that the different peaks found in the bulk flow analysis of the pQCD data shown

in the upper left panel in Fig. 2 do not survive CF freeze-out. We conclude that the strong forward

4

Near-quark regime of ~S from
trailing string leads to some-
thing like jet-splitting [Betz
et al. 2008].

look for the jet on the other side
STAR PRL 90, 082302 (2003)

Central Au + Au

Peripheral Au + Au

Medium is opaque!

_ high density

     large !interaction

A hard process and strong interaction with
the medium, from [Jacak 2006].
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Figure 2.10. Background subtracted correlation functions in Au+Au
collisions at

√
sNN = 200 GeV/c for 2.5 < pTrig

T < 4.0 GeV/c and
1.0 < pAssoc

T < 2.5 GeV/c. Left: Our results with |ηAssoc| < 1.0. Right:
PHENIX results from [48] with |ηAssoc| < 0.35. Error bars are statistical
errors. Histograms represent 1 sigma systematic uncertainty on the ellip-
tic flow, except that the top most histogram on the PHENIX results is -2
sigma systematic uncertainty. Shaped bands on PHENIX results are the
normalization uncertainty.

PHENIX results [48]. The magnitude of the peaks is higher in our results than

the PHENIX results due to our larger acceptance of associated particles in η; our

results have |ηAssoc| < 1.0 while the PHENIX results are for |ηAssoc| < 0.35. This

increases the magnitude of our away-side peaks by 1.0/0.35 since the away-side is

evenly distributed in η [25]. Our near-side peak is also larger because of two reasons.

One is that the near-side peak is broad and our larger η acceptance catches more

of the associated particles. The other is that we include more of the long range η

correlations (the ridge) that have been observed in 2-particle ∆φ − ∆η correlation

functions [25, 49, 50].

Hadron two-point functions from [Ulery
2008] show “jet-splitting.”
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6. Superconducting black holes
Is it now open season in string theory on all strongly coupled problems?

Condensed matter offers some good ones: high Tc superconductors, cold atoms,
graphene....

Let’s start simply. Can we persuade a black hole to superconduct?

The Abelian Higgs model is the simplest tool for understanding superconductors:

L = −1

4
F 2
µν − |(∂µ − iqAµ)ψ|2 − Veff(|ψ|, T ) (18)
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Do we get something distinctively new by coupling this model to gravity?

L = R− 1

4
F 2
µν − |(∂µ − iqAµ)ψ|2 − V (|ψ|) . (19)

It’s unnatural to tune extremum of V to 0, so let’s assume

V = − 6

L2
+m2|ψ|2 . (20)

Normal state corresponds to ψ = 0: a charged black hole in AdS4:

t,x
AdS  = R

4

2,1
AdS

4

AdS
4

horizon

E
z
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Below some temperature, quanta of
ψ are driven upward from horizon:
recall T = g/2π.

F    = mgdown

F  = qEup
AdS

4

ψ

ψ quanta can never escape from
AdS4, so they fall back toward
horizon.

ψ

AdS
4

Condensate spontaneously breaks U(1)
gauge symmetry, so this is a supercon-
ductor: s-wave since ψ is a scalar.

Some fraction of charge remains in
“normal” state, behind the horizon.

Expected end state has an “atmo-
sphere” of ψ quanta condensed
above the horizon.

N

S

AdS
4

ψψψ
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Condensate can be calculated in a simple way if we ignore its back-reaction on the
metric and gauge field:

Lψ = −|(∂µ − iqAµ)ψ|2 −m2|ψ|2 = −grr|∂rψ|2 −m2
eff|ψ|2 (21)

where Φ is electrostatic potential and m2
eff is the effective mass of ψ:

m2
eff = m2 + gttq2Φ2 . (22)

condensate

2

z

horizon

here

eff

m
2

m

The condensate tends to form where m2
eff < 0.

We never put T into the lagrangian, as one does in Landau theory. Instead, T crept
into m2

eff indirectly, through electrostatic potential in the extra dimension.
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One of the hallmarks of BCS conductivity is a characteristic shape of conductance,

σ(ω) ≡ J(ω)/E(ω) . (23)

ss

n nRe σ

1

c

BCS @ T=0

Re σ
Re σ

Re σ

ω
ω

superconducting
black hole @

ω
ω  = 2∆

c

T<Tc

δ(ω) δ(ω)

1

Re σ(ω) quantifies how well a superconductor absorbs photons of frequency ω. If
ω > 2∆, the photon can break a Cooper pair into two electrons. BCS says ωc ≈
3.5Tc.

Contribution∼ δ(ω) signals infinite DC conductance.
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To calculate Re σ for the black hole, we can “shine” photons down on it.

If ω >∼ ωc, the photon can penetrate through the superconducting atmosphere and
fall into the black hole. ωc/Tc seems to be non-universal.

Aµ AdS
4

ψ ψ ψ

Roughly speaking, the equation to solve is

(�−m2
γ)Aµ = 0 where m2

γ = 2q2|ψ(z)|2 , (24)

Re σ relates to the probability for the photon to penetrate into the black hole.
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Many embedding of Abelian Higgs in AdS4 exist in string theory:

• M2-branes create
AdS4 geometry.

• Magnetic G4 flux
gives scalar field.

• Choice of shape of
cone controls Tc.

Einstein−
Sasaki base
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Figure 3: A logarithmic distribution of critical temperatures over the chemical potential,

in units of degrees Kelvin per milliVolt. The distribution is obtained from a scan over

Brieskorn-Pham cones admitting Sasaki-Einstein metrics with moduli, along with allowed

Zk quotients. The solutions have been binned into ranges of width 2 K/mV.

0.241 K/mV. The clustering appears to roughly follow a power law.

We close this discussion by noting that the instability we found for the maximally

supersymmetric (N = 8) theory in section 3.4, which is not due to a modulus mode and

not included in figure 3, gives the following critical temperatures in physics units:

Tc

[K]

∣∣∣∣
N=8

≈ 0.081
µ

[mV]
or 4.1

µ

[mV]
, (65)

corresponding to ∆ = 2 and ∆ = 1 for the operator that condenses, respectively. We noted

in footnote 9 above that in the ∆ = 1 case, this instability occurs at a higher temperature

than the Gubser-Mitra instability of the N = 8 theory at a finite chemical potential.

5 Discussion

In this paper we have given the first explicit string theory realisations of the onset of

a superconducting phase in strongly coupled field theories at finite chemical potential as

considered in [17, 18, 19]. The main technical result that made this possible was the

26

• Tc/µ is a dimensionless num-
ber: 11 K ≈ 1 meV.

• Units evoke high Tc materials.

• Boundary of AdS4 is 2+1-
dimensional, like a cuprate
layer.

From [Denef and Hartnoll 2009].
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If we start with an SU(2) theory,

L = R +
6

L2
− 1

2g2
YM

trF 2
µν , (25)

We naturally get a p-wave condensate (because A+
µ has spin 1) that spontaneously

breaks U(1)EM ⊂ SU(2) as well as the SO(2) of rotations in ~x directions.

µ
+

A µ
+

A µ
+

A

E
EM

horizon

AdS  = R
4

2,1

z

t,x

• Nodes in the gap are a little funny—infinitely narrow in some sense.

• p + ip is possible, but disfavored by A4 terms inside F 2.

• d-wave hasn’t been as much studied in this framework.
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7. Conclusions
Finite-temperature methods in string theory, based on black hole horizons,
have matured to the point where we can make meaningful contact with exper-
iment.

• Contact with heavy-ion collisions is based on a comparison of N = 4 super-
Yang-Mills theory to QCD.

– Tricky, but at least we have gluons on both sides.

• Shear viscosity, drag force on heavy quarks, and jet-splitting provide fairly im-
pressive points of contact between theory and data.

• Comparisons with low-temperature physics are more loosely motivated.

• Superconducting black holes are just one of several interesting attempts: There’s
also discussion relevant to superfluids and cold atoms.
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8. Partial guide to stringy literature
On the temperature of black holes:
• [Hawking 1975], [Unruh 1976]

On D-branes and AdS/CFT
• [Polchinski 1995] (D-branes), [Witten 1996] (gauge theory)
• [Maldacena 1998; Gubser et al. 1998; Witten 1998] (AdS/CFT)

On applications to heavy ions:
• [Policastro et al. 2001; Kovtun et al. 2005] (η/s)
• [Herzog et al. 2006; Gubser 2006] (trailing string); [Casalderrey-Solana and Teaney 2006] (diffu-

sion)
• [Friess et al. 2006; Yarom 2007; Gubser et al. 2007; Chesler and Yaffe 2007] (booms and wakes)

On superconducting black holes:
• [Herzog et al. 2007; Gubser and Rocha 2008] (Quantum criticality and AdS4)
• [Gubser 2005 2008; Hartnoll et al. 2008; Denef and Hartnoll 2009] (Abelian Higgs model in AdS)
• [Gubser and Pufu 2008] (p-wave black holes)

On superfluids and cold atoms:
• [Son 2008; Adams et al. 2008; Kachru et al. 2008] (non-relativistic conformal symmetry, Lifshitz-

like fixed points)
• [Herzog et al. 2008; Basu et al. 2008]
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