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Situation of data for polarized PDFs

Neutrino factory: 10~15 years later

Small-x: eRHIC, eLIC ?

Charm: eRHIC, eLIC ?

RHIC

pp: RHIC

pp: RHIC

RHIC-Spin program
should play an important
role in determining
polarized PDFs.

J-PARC
GSI-FAIR

(MRST, hep/ph-9803445)



(from H1 and ZEUS, hep-ex/0502008)

F2 data
for the proton

[AAC, PRD74 (2006) 014015]

It may be possible to remove small QIt may be possible to remove small Q22 data data
in an analysis of unpolarized PDFs, whereasin an analysis of unpolarized PDFs, whereas
it is difficult to remove them in git is difficult to remove them in g11 (or A (or A11).).

x = 0.65

x = 0.013

x = 0.0005



Comments on the previous figureComments on the previous figure

 

i  lack of small-x data →  makes the determination of lim
x→0

Δq(x) difficult

                                    →  quark spin content cannot be well determined 

 

i  lack of data in a wide range of Q2  at small x 
    →  makes the determination of Δg(x) difficult
    →  gluon contribution to the proton spin cannot be determined 

 

i  lack of data in a wide range of Q2

    →  difficult to remove the small  Q2 (< 4 GeV2 ) data, 
           which may contain higher-twist effects, from the anlysis data set



Higher-twist effectsHigher-twist effects  A1(x,Q
2 ) = g1(x,Q

2 )LT + h(x) /Q2

F2 (x,Q2 )exp

2x  1+ R(x,Q2 )exp⎡⎣ ⎤⎦

CLAS,
PL B641 (2006) 11

LSS (2005)

LSS (2007)

with 2006
CLAS data

According to LSS-2007 analysis,
the CLAS-2006 data improve
our knowledge of higher-twist
effects. E. Leader,  A. V. Sidrov,  

and D. B. Stamenov,
JHEP 0506 (2005) 033; 
D75 (2007) 074027. 



Higher-twist effectsHigher-twist effects hI (x,Q
2 ) = 1+ A

Q2 x
α (1− x)β ,    hII (x,Q

2 ) = 1+ 1
Q2 (A + Bx + cx2 )

Higher-twist effects become
conspicuous at small Q2;
however, they are within
the error bands.

The present data with Q2 > 1 GeV2

do not contain significant higher
-twist contributions.

J. BlJ. Blüümlein and H. Bmlein and H. Bööttcher, ttcher, 
Nucl. Phys. B636 (2002) 225.Nucl. Phys. B636 (2002) 225.
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•    2000 version (AAC00)
     - Q2 dependence of A1, positivity
     - Δq at small and large x → ΔΣ issue

•    2004 version (AAC03)
     - uncertainty estimation
           (very large Δg uncertainty, impact of accurate g1

p (E155))

     - error correlation between Δg and Δq

•    2006 version (AAC06)
     - include RHIC-Spin π0 (Δg uncertainty is significantly reduced)

      - Δg at large x ?
          (Q2 difference between HERMES and COMPASS)

     - Δg < 0 solution



σλ+λN
∝ ελ

µ∗ελ
νWµν (λN ) :  photoabsorption cross section

 

A1 ≡
σ1 2 − σ 3 2

σ1 2 +σ 3 2

=
MνG1 −Q

2G2

M 3W1


g1
F1

= g1
2x 1+ R( )

F2

ν
M 2 G1 = g1

ν 2

M 2 G2 = g2

MW1 = F1

R ≡
FL
2xF1

=
F2 − 2xF1
2xF1

General strategies for determining polarized PDFsGeneral strategies for determining polarized PDFs

g1(x,Q
2 ) = 1

2
eq

2

q
∑ dy

yx

1

∫ Δq(x / y,Q2 ) + Δq(x / y,Q2 )⎡⎣ ⎤⎦ δ (1− y) + α s (Q
2 )

2π
ΔCq (y) + ⋅ ⋅ ⋅

⎡

⎣
⎢

⎤

⎦
⎥

               + 1
2
eq

2 dy
yx

1

∫ Δg(x / y,Q2 ) nf
α s (Q

2 )
2π

ΔCg (y) + ⋅ ⋅ ⋅
⎡

⎣
⎢

⎤

⎦
⎥ eq

2 =
1
nf

eq
2

q
∑

Leading Order (LO) Next to Leading Order (NLO)

ΔCq  (ΔCg ) = quark (gluon) coefficient function

F2 (x,Q2 ) = x eq
2

q
∑ dy

yx

1

∫ q(x / y,Q2 ) + q(x / y,Q2 )⎡⎣ ⎤⎦ δ (1− y) + α s (Q
2 )

2π
Cq

(2) (y) + ⋅ ⋅ ⋅
⎡

⎣
⎢

⎤

⎦
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               + x eq
2 dy

y
 

x

1

∫ g(x / y,Q2 ) nf
α s (Q

2 )
2π

Cg
(2) (y) + ⋅ ⋅ ⋅

⎡

⎣
⎢

⎤

⎦
⎥

Unpolarized PDFs
R(x,Q2 ) :  taken from 
                 experimental measurements



Initial distributions
   Δfi(x,Q0

2) = A i xα i (1 + γ i xλ i) fi(x,Q0
2)

 i = uv, dv, q, g   A i , αi , γ i , λ i : parameters

χ2 fit to the data [p, n (3He), d]

  
A 1 ∼

g1
F1

= g1
2 x (1 + R)

F2

 
R = FL

2 x F1
= F2 – 2 x F1

2 x F1

  
χ2 = Σi

(A 1 i
data – A 1 i

calc)2

(σA 1 i
data)2

We analyzed the data with the following conditions.

• unpolarized PDF    GRV98
• initial Q2                  Q0

2 = 1 GeV 2
• number of flavor    Nf = 3
  

• positivity Δf(x) ≤ f(x) (to be precise, Δσ ≤ σ)
• antiquark flavor: Δu = Δd = Δs



(1)  Δq(x,Q0
2 ),  Δq(x,Q0

2 ),  Δg(x,Q0
2 ) :  expressed in terms of parameters

     →  evolve them to experimental Q2  points
     →  calculate g1

(2)  q(x,Q0
2 ),  q(x,Q0

2 ),  g(x,Q0
2 ) :  taken from a typical unpolarized PDFs (CTEQ, GRV, MRST)

     →  evolve them to experimental Q2  points
     →  calculate F2

or
( ′2 )  q(x,Q2 ),  q(x,Q2 ),  g(x,Q2 ) :  calculated by a library code of a typical unpolarized PDFs
     →  calculate F2

(3)  R(x,Q2 ) :  typical parametrization for explaining experimental data
                       (e.g. SLAC parametrization)

(4)  calculate A1
theo = g1

2x 1+ R( )
F2

,  then  χ 2 =
(A1i

exp − A1i
theo )2

σ A1i

2
i
∑

(5)  parameters are determined so as to minimize χ 2



Positivity of polarized PDFsPositivity of polarized PDFs

This bound should be satisfied for any target in electron/muon and
neutrino scattering processes, i.e. for any combination of quark and
antiquark distributions. Therefore, we have

Δσ ≤ σ  →  Δfi (x,Q
2 ) ≤ fi (x,Q

2 ) ?

A1 =
σ1 2 − σ 3 2

σ1 2 +σ 3 2

=
g1
F1

≤ 1 →  g1 ≤ F1

g1(x,Q
2 ) = 1

2
ei
2ΔCq ⊗ (Δqi + Δq

i
∑ ) + 2nf e2 ΔCg ⊗ Δg

F1(x,Q
2 ) = 1

2
ei
2Cq ⊗ (qi + q

i
∑ ) + 2nf e2 Cg ⊗ g

in LO        Cq = ΔCq = δ (1− x),     Cg = ΔCg = 0

               →  ei
2 Δqi (x,Q

2 ) + Δqi (x,Q
2 )⎡⎣ ⎤⎦

i
∑ ≤ ei

2 qi (x,Q
2 ) + qi (x,Q

2 )⎡⎣ ⎤⎦
i
∑

e2 ≡
1
nf

ei
2

i
∑

f ⊗ g ≡
dy
yx

1

∫ f (y)g(x / y)

Δqi (x,Q
2 ) ≤ qi (x,Q

2 ),   Δqi (x,Q
2 ) ≤ qi (x,Q

2 )    in LO

Ref.  G. Altarelli, S. Forte, G. Ridolfi,
         Nucl. Phys. B534 (1998) 277.



NLO numerical results for positivityNLO numerical results for positivity
(from Nucl. Phys. B534 (1998) 277)
ΔΣ(n,Q2 ) = dx

0

1

∫  xn−1 Δqi (x,Q
2 ) + Δqi (x,Q

2 )⎡⎣ ⎤⎦
i
∑

Δg(n,Q2 ) = dx
0

1

∫  xn−1Δg(x,Q2 )

→ ΔΣ(n,Q2 = 1 GeV2 )

↑ Δg(n,Q2 = 1 GeV2 )

n = 1.5

n = 2

n = 5

NLO positivity boundNLO positivity bound
LOLO

A, B, C, D = Altarelli-Ball-Forte-Ridolfi (1998)
                      parametrizations

• NLO effects modify the positivity bound
• NLO bound is either more or less restrictive
• NLO corrections are reasonably small
• NLO corrections are negligible for large n

NLO (MS)

Conclusion:  Positivity is a useful condition for determining polarized PDFs
        although it is not a strict one if higher-order corrections are taken into account.



AAC00AAC00
(Some Highlights)(Some Highlights)



Actual fit to AActual fit to A1 1 datadata
(AAC00)(AAC00)

““neutronneutron””

protonproton

deuterondeuteron



Q2 dependence of A1
Q2 independence assumption was sometimes
used for getting g1 from A1 data.
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x = 0.117

A1  is Q2 dependent especially at small Q2 (< 2 GeV2).

The lack of accurate Q2 dependent data at small x
makes the determination of Δg very difficult.

Figure from
AAC00 analysis



“Spin content” ΔΣ

∫ ΔΣ=ΔΣ
1

min
min

)()(
x

dxxx
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AAC (αq :  free)

Δq
q

∝ xαq (x→ 0)

(from AAC00)



AAC03AAC03
 (Some Highlights) (Some Highlights)



Error estimation Hessian method
χ2(ξ) is expanded around its minimum ξ 0  (ξ =parameter)

where the Hessian matrix is defined by

� 

χ 2(ξ0 + δξ) = χ 2(ξ0) +
∂χ 2(ξ0)
∂ξ i

δξi
i
∑ +

1
2

∂ 2χ 2 (ξ0 )
∂ξ i∂ξ j

δξiδξ j
i, j
∑ + ⋅ ⋅ ⋅

In the χ2 analysis, 1σ standard error is

The error of a distribution F(x) is given by

   
Hij = 1

2
∂2 χ2(a0)
∂ ξ i ∂ ξ j

   Δ χ2 = χ2(ξ0+δ ξ) − χ2(ξ0) = δ ξ i Hij δ ξ j∑
i, j

   
δ F( x) 2 =Δ χ2 ∂ F( x)

∂ ξ i
Η ij

– 1∂ F( x)
∂ ξ j

∑
i, j

  P(s) N: χ2(= s) distribution with N degrees of freedom

ds
0

Δχ2

P(s) N = 11 = 0.6826 →Δχ2=12.64 (N = 1 case, Δχ 2= 1)

χ 2 =
(A1i

exp − A1i
theo )2

σ A1i
2

i
∑



  χ2(= s) distribution with N degrees of freedom
P(s) = 1

2N / 2Γ(N/ 2)
sN /2 – 1 exp ( – s /2)

(1) N = 1 case, Δχ2= 1

ds
0

Δχ2 = 1

P(s)n = 1 = erf (1 / 2) = 0.6826...

where erf (z) = 2
π dt

0

z
e– t 2

(2) our N = 11 case, Δχ2= ?

ds
0

Δχ2

P(s)n = 11 = ds
0

Δχ2
s9 / 2 e – s / 2

2 11 / 2 Γ(11 / 2)
= 0.6826...

Solving this equation, we have Δχ2=12.64...

Refs.  http://wwwasdoc.web.cern.ch/wwwasdoc/minuit/node33.html
          http://www.library.cornell.edu/nr/bookfpdf/f15-6.pdf
          http://ccwww.kek.jp/pdg/2005/reviews/statrpp.pdf



Polarized PDFs (AAC03)
• PDF uncertainties are reduced by

including precise (E155-p) data

• Valence-quark distributions
     are well determined

– Small uncertainties
    of  Δuv, Δdv

• Antiquark uncertainty is
significantly reduced
–  g1

p ∝ 4Δuv+ Δdv+12Δq

•  Δg(x) is not determined
– Large uncertainty
– Indirect contribution to g1

p

– Correlation with antiquark

0

0.1

0.2

0.3

0.4

0.5

0.001 0.01 0.1 1

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.001 0.01 0.1 1
x

xΔuv(x)

xΔdv(x)

Q2 = 1 GeV2

-2

-1

0

1

2

3

0.001 0.01 0.1 1

-0.05

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

0.001 0.01 0.1 1
x

xΔg(x)

Q2 = 1 GeV2

xΔq(x)

AAC03 uncertainties
AAC00 uncertainties

AAC00 ↔ AAC03 (with E155-p)

E155 data



Correlation between Δq(x) and Δg(x)

•  analysis with Δg(x)=0  at Q2=1 GeV2

   χ2/d.o.f. = 0.915

•  Δqv(x) uncertainties are
    not affected

•  antiquark uncertainties
    are reduced

 Strong correlation with Δg(x)
 Note: correlation with Δg(x)
           is almost terminated
           in the Δg=0 analysis
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The error band shrinks due to
the correlation with Δg(x).

Δg=0 uncertainties
AAC03 uncertainties



AAC06AAC06



Gluon polarization at large Gluon polarization at large xx
AAC, PRD74 (2006) 014015:
       Analysis without higher-twist effects

QHERMES
2 ~ 1 GeV2 QCOMPASS

2 ~ 6 GeV2

NLO
ΔCG=0

g1(x,Q
2 ) = 1

2
eq

2

q
∑ dz

zx

1

∫ Δq(x / z,Q2 ) + Δq(x / z,Q2 )⎡⎣ ⎤⎦

                               × δ (1− z) + α s (Q
2 )

2π
ΔCq (z) + ⋅ ⋅ ⋅

⎡

⎣
⎢

⎤

⎦
⎥

      + 1
2
eq

2 dz
zx

1

∫ Δg(x / z,Q2 ) nf
α s (Q

2 )
2π

ΔCg (z) + ⋅ ⋅ ⋅
⎡

⎣
⎢

⎤

⎦
⎥

This term is terminated.

x=0.001 x=0.05 x=0.3

Positive contribution to A1  comes
from ΔCG ⊗ Δg at x ~ 0.05.

Note: ΔCG ⊗ Δg > 0
         if Δg(0.05 / 0.2 = 0.25) > 0
Gluon polarization is positive at large x.



However, it may be higher-twist effect.However, it may be higher-twist effect.

LSS, PRD73 (2006) 034023.

LT fit
LT+HT fit

Leading Twist (LT)
Higher   Twist (HT)

LT+HT fit,
only LT term is shown

At this stage, we cannot conclude that the difference between
the HERMES and COMPASS data should be 100% HT or
HT+ΔG(large x)>0, or 100% ΔG(large x)>0 effects.



dΔσ
dpT

= dη
ηmin

ηmax∫ dxaxa
min

1

∫
a,b,c
∑ Δfa (xa ) dxbxb

min

1

∫ Δfb (xb )
∂(t̂ , zc )
∂(pT ,η)

dΔσ̂
dpT

Dc
π (zc )

xa
min =

x1

1− x2

,   xb
min =

xax2

xa − x1

,   zc =
x1

xa
+
x2

xb
,   x1 =

xT
2
e+η ,   x2 =

xT
2
e−η ,   xT =

2pT
s

,   η = − ln tan θπ

2
⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

   
Δσ  Δfa (xa ,Q2 ) ⊗ Δfb(xb ,Q2 ) ⊗ Δσ̂ (ab→ cX ) ⊗ Dc

π (z,Q2 )
a,b,c
∑

Parton distribution functions

Parton interactions Fragmentation functions

Description of π0 production



( ) , ( ) , ,
( , ) , ,

gg q g X qg q g X qq qX
qq q g q X qq qX qq qX

→ → →
′ ′ ′→ → →

Subprocesses

g + g→ q(g) + X   processes are dominant at small pT  
q + g→ q(g) + X                                         at large pT  

The π0 production process is suitable for finding
the gluon polarization Δg.

(from Torii’s talk 
at Pacific-Spin05)



Comparison of fragmentation functions in pionComparison of fragmentation functions in pion

• Gluon and light-quark
   fragmentation functions have
   large uncertainties, but they
   are within the uncertainty bands.
→ The functions of KKP, Kretzer,
     AKK, DSS, and HKNS are
     consistent with each other.

All the parametrizations agree
in charm and bottom functions.

(KKP)    Kniehl, Kramer, Pötter
(AKK)    Albino, Kniehl, Kramer
(HKNS)  Hirai, Kumano, Nagai, Sudoh
(DSS)  de Florian, Sassot, Stratmann

M. Hirai,  SK,  T.-H. Nagai,  K. Sudoh,M. Hirai,  SK,  T.-H. Nagai,  K. Sudoh,
PRD75 (2007) 094009.PRD75 (2007) 094009.
A code is available atA code is available at
http://research.kek.jp/people/kumanos/ffs.htmlhttp://research.kek.jp/people/kumanos/ffs.html



Analysis with RHIC pion data

(AAC06)



Possibility of negative gluon polarization Possibility of negative gluon polarization ΔΔgg  <<  00

ππ00  production data do not distinguish between production data do not distinguish between ΔΔg < 0 and g < 0 and ΔΔg > 0g > 0



Roles of RHIC-Roles of RHIC-pion pion datadata Polarized PDFs,  especially Δg,  are better
determined by the additional RHIC-π0 data.

(AAC06)



Gluon polarization from lepton scattering

S. Koblitz@DIS07



Situation of g1 measurements
and polarized PDF errors



Comparison with other parameterizations



1st  moments

– GRSV01(Sta)   [ Phys. Rev. D63 (2001) 094005 ]
– LSS01 (MS)    [ Eur.Phys.J. C23 (2002) 479 ]
– BB02 (SET3)  [ Nucl. Phys. B636 (2002) 225 ]
– DNS05 (KKP)  [ Phys. Rev. D71 (2005) 094018 ] (Q2=10 GeV2 )

0.1381.026BB

0.27 ±0.070.31 ±0.32AAC06

0.3110.574DNS

0.2100.680LSS

0.21 ± 0.140.50 ± 1.27AAC03
0.2040.420GRSV01

Δg ΔΣ

� 

ΔΣ = Δuv + Δdv + 6Δq( )

� 

Q2 = 1 GeV2



Summary of the AAC analysis
• Global analysis for polarized PDFs

–  Δuv(x), Δdv(x) are determined well
–  ΔΣ = 0.27 ± 0.07  (Q2= 1 GeV2 )
–  Δg(x) could not be well constrained

AAC03-polarized-pdfs code could be obtained from
http://spin.riken.bnl.gov/aac/

• Uncertainties of polarized PDFs
• Effects of E155-proton data
• Global analysis also with Δg=0
• Error correlation between Δg and Δq
• Better Δg determination by RHIC-pion
• Δg determination at large x by scaling violation
   (HERMES, COMPASS)

AAC03

AAC06



The End

The End


